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Abstract:
In this paper, we present the Hyers-Ulam stability of n-dimensional quadratic
functional equation
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1. Introduction

In 1950, T. Aoki[1] generalized Hyers theorem for additive mappings. In 1978, Th.
M. Rassias[14] proved a further generalization of Hyers Theorem by introducing the concept
of the unbounded Cauchy difference for the sum of powers of two p-norms. Rassias
established some linear mappings and concern problems in [11,13,14].

The functional equation

f(x+y)+f(x—y)=2f(x)+2f(y) (1.1)
is called a quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping.

During the last three decades the stability Theorem of Th. M. Rassias[14] provided a
lot of influence for the development of stability theory of a large variety of functional
equations. This new concept is known today with the term Hyers-Ulam-Rassias stability for
functional equations. Following the innovative approach of Th. M. Rassias similar theorems
where formulated and proved by a number of mathematicians. For example four years later in
1982, J. M. Rassias [9,10] proved a similar theorem for the case the unbounded Cauchy
difference is the product of two p-norms. Recently, some mathematicians were investigate the
quadratic functional equations in various normed space[5,8,12,15,16].

In this paper, the authors investigate the generalized Hyers-Ulam stability of a new
type of n-dimensional quadratic functional equation

n n n 2 n
gl > X+ > —xj+ > X; =(n—3) > g(xi+xj)+(—n +5n—2) > g(xi)(l.z)
i=1 j=1 i=liz]j I<i<j<n i

and

=1
in Random Normed Space by using direct and fixed point method.
2. Preliminaries
In this section, we recall some notations and basic definitions used in this article.
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Definition 2.1 A mapping T :[0,1]x[0,1] —[0,1] is called a continuous triangular norm, if T

satisfies the following condition:
a) T is commutative and associative;
b) T is continuous

c) T(al)=a forall ac[0,1]
d) T(ab)<T(c,d)when a<cand b<d forall a,b,c,d [0,1].
Typical examples of  continuous t-norms are T, (ab)=ab, T (a,b)=min(ab) and
T, (a,b)=max(a+b—1,0) ( The Lukasiewicz t-norm ). Recall [9] that if T is a t-norm and x,
is a given sequence of numbers in [0,1], then T.",x . is defined recurrently by T, ,x = x. and
T =T (T4, x,) for n>2, T75x is defined as T,%x

Lukasiewicz t-norm, the following implication holds:

lim(T,)", %,.; =1< i(l— X,) < o0

n=1

It is known that, for the

n+i *

Definition 2.2 A random normed space ( briefly, RN-Space ) is a triple (X,,u,T), where X is
a vector space. T is a continuous t-norm and « is a mapping from X into D* satisfies the
following conditions:

(RN1) g, (t)=¢,(t) forall t>0 if and only if x=0.

(RN2) 11, (t)= u{ !

HJforall Xxe X ,and a eR with a #0.
o

(RN3) ,tu(t+s)2T(yx(t),yy(s))forall x,ye X andt,s>0.
Definition 2.3 Let (X, 2, T )be a RN-space.
1) A sequence {xn} in X is said to be convergent to a point xe X if, for any

g>0and A>0, there exists a positive integer N such that ﬂxnfx(5)>1—/1 for all
n>N.
2) A sequence {x,}in X is called a Cauchy sequence if, for any £>0and 4> 0, there

exists a positive integer N such that 4, , (&)>1-4 forall n>m>N.

3) A RN-Space (X,u,T)is said to be complete, if every Cauchy sequence in X is

convergent to a point in X.
All over this paper we use the following notation for a given mapping Q: X —Y as

Q(xl,xz,...,xn):g[g xiJ+ g g(—xj+ g xiJ—(n—3) > g(xi+xj)—(—n2+5n—2) g g(xi)

i=1 j=1 i=Li#] I<i<j<n i=1
forall x,X,,....X, € X.

3. Random Stability Results: Direct Method
In this section, the generalized Ulam-Hyers Stability of the functional equation (1.2)
in RN-Space is provided. All through this section, let us consider X be a linear space

(Y, 1, T) is a complete RN-Space.
Theorem 3.1 Let j=+1, Q: X —Y be a mapping for which there exists a function
n: X" — D" with the condition
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lim T, ,, . . . (22(k+i+1)jt] =1 (3.1)
k—o0 1=0 2[k+lJ)&,Z[kJrI]xz,...,Z[kH]xn

: 2kj )

= lim ) . . 2791 3.2
o Tk K, K, ( (3.2)

such that the functional inequality with f (0)=0 such that

j(t) > 77( j(t) (3.3)

MU
Q(X].’XZ’”"Xn X]-,XZ,...,Xn
for all xl,xz,...,xneX and all t>0. Then there exists a unique quadratic mapping

A: X —Y satisfies the functional equation (1.2) and

o0 2(i+1)j
,UA( X)—g(X) (t) 2 Ti:() (772(i+1)j X —200ix 2+Diy _2+1)iy 2+Dix 0 . 0 (2 t)) (3.4)

for all xe X and all t>0. The mapping A(x) s defined by

o0 0= I8 ok ) 35)

52K]
for all xe X andall t>0.
Proof. Assume j=1. Setting (X,,X,,....X, ) by (X,—X,X,—X,x,0,...,0) in (3.1), we acquire

ﬂz(n —5)g(2x)—8(n —S)g(X) (t)= Tx,—X,%,~%,X,0....,0 (t) (3.6)
for all xe X and all t>0. It follows from (3.5) and (RN2), we arrive
Hg(2 (t) Z77x,—x,x,—x,x,0,...,0(Z(n_s)zzt) (3.7
g—)—Q(X)

22
for all xe X and all t>0. Replacing x by 2“x in (3.6), we catch
2(k+1) )
t)> 2 2(n-5)t)(3.8
9(2x) g(ZKX)( ) ok x, 2k x,2k x,—2kx,2kx,0,...,0( (n=5)t)@8)

22(k+1) 22k
22(k+1)2(n _5)
>n t
X,—X,X,—X,X,0,...,0 ak

n n— k+1 k
—g(;nx)—g(X)= 1g£2 ) 9122 g

for all xeXand all t>0. It follows from

(3.8) that

n-1 ak n—1
pgany | 2T (M xx0,..0 1) =7 —x x-xx0,..0 ()
g(2Nx —g(X)[ k—022(k+1)2(n5)] k=0\""x,—X,X,—X,X,0,...,0 X,—X,X,—X,X,0,...,0
22n
3.9
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t

L EL (3.10)
g 2n X _g(X) ( ) Xl Xlx’ Xlxioi"'lo n_l ak
22n 2

k=0 2(n-5) 22(k+1)
for all xe X and all t>0. Replacing x by 2"x in (3.10), we arrive that

t
ﬂg(2n+mx) g(Zij (t)znx,—x,x,—x,x,o,...,o nem k (311)

(04
S2(n+m)  p2m S 2(n-5) 22K

o 22n

A t 1 th 9(2'x)| |
S My 0,0 T c — 1 as m,n—>oo, then is a

Eno (n—5)220D

Cauchy sequence in (Y, T). Since (Y,u,T) is a complete RN-Space, this sequence
converges to some point A(x)eY . Fix xe X and put m=0 in (3.11), we have

t

H (9N O)=ny : (3.12)
g{z Xl—g(X) X,—X,X,—X,X,0,...,0| nt "
22n = 2(n 22(k+1)

and so, for every 6 >0, we collect

HAx)-g (t+5) T _Mw)’ﬂm_ (t)

AX) 21 220 9(Xx)
t
=T w nx) () 7T —x x—x,x,0,...0 k (3.13)
2 k=0 2(n—5) 22(k+1)

Taking limit as n — oo and using (3.13), we arrive

Hpx—gox (16)= ”x,—x,x,—x,x,o,...,o(2(”‘5)(22 ~a)t) (3.14)
Since ¢ was arbitrary, by taklng 0 —0 in (3.14), we have

'”A(X) ( )an —xx—x,x,O,...,O(z(n_S)(22_a)t) (3.15)

g(x
Replacing (X, X,,.... ;) by (2"x1 2"%y, ., 2”xn) in (3.3) respectively, we acquire

ﬂQ[Z”ﬁ’Z”Xz,---,Z”xnj(t)Z’72”x1,2“x2,...,2nxn (22”t) (3.16)
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forall x,X,,...,X, € X and for all t>0. Since

ki) k) [Zz(k”ﬂ)jt] =L

xl,2[ x2,...,2
We conclude that A fulfils (1.1). To prove the uniqueness of the quadratic mapping A,
assume that there exists a quadratic mapping B from X to Y, which satisfies (3.15). Fix

xe X . Clearly, A(2”x)=22”A(x) and B(2”x)=22"B(x) for all xe X . It follows from

k“—r>nooT| =0 ”2[k+|]

(3.15) that
HAx)-B(x) (t):n“—rpoo”A(znx) B(2"x] (t)
22n 22n
(t)>min t t
ﬂA(znx) B(2"x] ﬂA(znx) g(2"x)( 2 ,ﬂB(an] g(2"x)| 2
22n 22n 22n 22N 22n 22N
2n
2’72nx,—2nx,2nx,—2nx,2nx,o,...,o(2 2(”—5)(22—a)t)
2n 2
2712(n-5)(2° - a)t
27y _x X~X.X.0,..0 [ oy (3.17)
22n2 n_5 22_ t
Since Iim[ ( )n( a) }oo , we get
nN—o0 o
. 22n2(n—5)(22—a)t _
n“—r)noo Ty —x x,—x,%,0.,...0 . =1 . Therefore, it follows that

HAx-B(x) (t)=1forall t>0 andso A(x)=B(x). This completes the proof.

The following corollary is an immediate consequence of Theorem 3.1, concerning the
stability of (1.2).
Corollary 3.2. Let & and s be non-negative real numbers. Let a quadratic function

Q: X —Y satisfies the inequality

Us(t)
t)>4n t): S#2 (3.18)
Qe ey
t); s;r:E
n

o 2|
EURL=1

VOLUME 33 : ISSUE 02 - 2020 Page No:2242



GEDRAG & ORGANISATIE REVIEW - ISSN:0921-5077 http://lemma-tijdschriften.nl/

for all x,X,,...,x, € Xand all t>0. The there exists a unique quadratic function A: X —»Y
such that

n ¢ (t)
\6‘(n—5)

,ug(X)_A(X)(t)Z B (1) (3.19)

2(n—5)‘22—25‘

n s ()
2(n —5)‘22—2%‘

forall xe X andall t>0.
4. Random Stability Results: Fixed Point Method.

In this section, the authors present the generalized Ulam-Hyers Stability of the
functional equation (1.2), in Random Normed Space using fixed point method.
Theorem 4.1 Let Q: X —Y be a mapping for which there exists a function 7: X" — D"
with the condition

2K,
lim (5 ) 1 4.1
kobo 5kx15 X 0K X “.0)
2, i=0;
for all x,X,,...,x, €Xand all t>0 and where o, =41 satisfying the functional
— 1= ’
2
inequality
> t (4.2)
ﬂQ[Xl,x Xn]() XX X % (1)

forall x,X,,....x, € Xand all t >0. If there exists L = L(i)such that the function
x> B(xt)=n1x xx Xxq. 0(2(n—5)t),

27 2727 272

has the property, that

Bxt)< L%ﬁ(@x,t) 4.3)
for all xe X and t>0. Then there exists a unique quadratic function A: X —Y satisfying
the functional equation (1.2) and

Ea
“px—g —Lt > (1) (4.4)

forall xe X and t>0.
Proof. Let d be a general metric on (O such that

d(a,b):inf{k e(O,oo)/y(a(X)_b(X))(kt)z,B(x,t),xeX,t>0}. It is easy to see that
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(Q,d) is complete. Define T:QQ—Q by Ta(x):%a(éix), for all xe X . Now for

a,beQ, wehave d(a,b)<K.

Kt
= ’u(Ta(X)—Tb(X)) [5_|2J > B(x1)
=d(Ta(x),Th(x))<KL
=d(Ta,Th)<Ld(a,b) (4.5)
forall a,b e Q2. Therefore T is strictly contractive mapping on Q with Lipschitz constant L.

It follows from (3.6) that

ﬂz(n —5)g(2x)-8(n-5)g(x) (t)= Ty, —%,%,—X,X,0,...,0 (t) (4.6)

for all xe X . It follows from (4.6) that

Hy(2x (t)= Ty XXX X.0,..0 (8(n—5)t) (4.7
JJ—Q(X)
2

for all xe X . Using (4.3) for the case i =0, it reduce to
”g:2x:_ ) (t)=LB(xt)
22 g(x)

for all xe X . Hence, we obtain
1-i
> =
d(’uTg(X)—g(X))_ L=L" "< (4.8)

for all xe X . Replacing x by g in (4.7), we get

ﬂM—Q[XJ (O=7x _xx_xxy oB(N-5)) (4.9)
22
for all xe X . Using (4.3) for the case i =1, it reduce to
> >
”229@‘9<x>(t)‘ﬂ(x’t):’*Fg<><>—g<><)(t)‘ﬂ(x’t)
for all xe X . Hence, we get

1-i
>L=
d('uTg(X)—g(X))_L L <o (4.10)
for all xe X . From (4.8) and (4.10), we can conclude

1-i
>L= 4.11
d(”FQ(X)—Q(X)) L=l e (410
for all xe X . In order to prove A: X —Y satisfies the functional equation (1.2), the
remaining proof is similar by using Theorem 3.1. Since A is unique fixed point of T in the set

A= {g eQ/d(g,A) <oo} Finally, A is an unique function such that
(1

—t |2 N

“g-Aoo| Tt |20
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forall xe X and t>0. This completes the proof of the Theorem.

From the Theorem 4.1, we obtain the following Corollary concerning the stability for
the functional equation (1.2).
Corollary 4.2. Suppose that a function Q: X —Y satisfies the inequality

Mg (t)
U t)>47y t); S#2 (4.12)
Q)| ey
t); s=—
n

Bl
B =

for all x,,x,,...,x, € Xand all t>0, where &,s are constants with £ >0, then there exists a
unique quadratic mapping A: X —Y such that

(n-5)8

Ay~ AX) (t)=17 xS (1) (4.13)
2(n—5)‘22—25‘

n xS (t)
2(n—5)‘22—2n3‘

forall xe X andall t>0.
Proof. Setting

(t),

n S N ns
i+

forall x,X,,...,X, € Xand all t >0.Then
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77€5|2k (t)

(#4)-|

n
Al ofon) oL
i=1

n
&

n

=1l

> 1las ko o
={—>1l1las k— o
- 1as k— o

fips°2
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2 sk nH Hns (2 ns]k ®)

But we have B(x,t)=ny XX XX 'O(Z(n—S)t) has the property Léﬂ(a‘ix,t)for all

2 2’2’

Xxe X and t>0. Now

B(xt)=11

t
) "cﬁrzﬂw( )
Lgﬁ(dix,t)= "qS—Zﬁ(X)(t)

t
Tsps-24 ")
By using Theorem 4.1, we prove the following six cases:
L=2?ifi=0and L=2%ifi=1
L=2°% for s<2 ifi=0and L=2""° for s>2ifi=1

L=2"2 for s<2 ifi=0and L=2™ for s>2 if i=1

n n
Case.l: L=22ifi=0
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1
Hgx-AX) (t)= Lgﬂ(ﬁx,t)(t) >n

Case.2: L=2%ifi=1

1
Hg a1 Lgﬁ(éix,t)(t) >7

Case.3: L:ZS_2 fors<2ifi=0

1
Hgix-ax) (V)2 Lg_izﬁ(5ix’t)(t) 21

Case.d: L=2*° fors>2 ifi=1

1
Hgix-ax) (V)2 Lg_izﬁ(5ix’t)(t) 21

Case.5: L=2""2 for s<g ifi=0
n

1
Hax-ax) (D L?ﬂ(aix,t)(t) >
|

Case.6: L=2>" for s>z ifi=1
n

1
Hgix-Acx) ()2 Lgﬂ(‘six’t)(t)zﬂ

Hence the proof is complete.
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