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Abstract

In this paper our aim is to introduce and study fuzzy KM-subalgebras
and explore some of its properties. The conception of level KM-
subalgebra, strong level KM-subalgebra, super strong level KM-subalgebra
are instituted from some fuzzy sets and its descriptions are given.
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1 Introduction

Among so many algebraic structure, one of the important form of class of al-
gebras is the algebra of logic.Some of these examples are BCK-algebras,BCI-
algebras,BCH-algebras,KU-algebras,SU-algebras,BF-algebras,UP-algebras and
so on.These are connected strongly with logic.One such example,BCI-algebras
and BCK-algebras introduced by Iseki and Imai are two classes of logical alge-
bras. Many researchers have been extensively investigating these two logical
algebras introduced by Iseki and Imai.

Fuzzy set theory was first introduced by Zadeh in 1965 and Goguen in
1967 show the intention of the authors to generalize the classical notion of
a set and a proposition to accommodate fuzziness. There have been a wide
range of applications of the fuzzy set theories in the domain of mathematics
and elsewhere.
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Jun in 2000 introduced a new notion of M-BCK/BCI-algebras and analysed
some their properties.Also Jun investigated Q-fuzzy subalgebras of BCK/BCI
algebras and contributed some examples.Ahn and Bang in 2003 introduced
the concept of level subalgebras in B-algebras.Akram and Dar in 2005 intro-
duced the concept of T-fuzzy subalgebras. Saeid and Jun in 2008 ,by using
the notion of anti fuzzy points introduced the concept of anti fuzzy sub-
algebras of BCK/BCI algebras.In 2009,fuzzy BF-algebras and fuzzy topo-
logical BF-algebras was introduced by Saeid and Rezvani.In 2015,Jaruwat
Somjanta,NatthanichaThuekaew,Praprisri Kumpeangkeaw,Aiyared Iampan
introduced the notion of Fuzzy sets in UP-algebra.In 2019,S.Sowmiya and
P.Jeyalakshmi introduced the notion of Fuzzy Algebraic Structure in Z-
algebras.

Now we introduced a new concept of KM-algebras.fuzzy subalgebra plays
a vital role in studying many logical algebras.In this paper,we introduced the
notions of fuzzy KM-subalgebras,level ,strong level,super strong level KM-
subalgebras and their properties are investigated.

2 KM-Algebras and its Properties

2.1 Definition

A KM-algebra is an algebra (X, ∗, 0)of type (2, 0) satisfying the following
conditions:

i) x ∗ x = 0
ii) x ∗ 0 = 0
iii) (x ∗ y) ∗ z = (x ∗ z) ∗ y
iv) x ∗ y = 0 and y ∗ x = 0 ⇒ x = y, for all x, y, z ∈ X.

2.2 Definition

Let S be a non-empty subset of a KM-algebra X, then S is called a KM-
subalgebra of X if x ∗ y ∈ S, for all x, y ∈ S.

Example
Let X = {0, 1, 2} be a set with the following Cayley table
* 0 1 2
0 0 1 2
1 0 0 2
2 0 2 0

Then (X, ∗, 0) is a KM-algebra.
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2.3 Proposition

In any KM-algebra (X, ∗, 0) with x ≤ y, the following holds good for all
x, y ∈ X.

i) x ∗ (y ∗ x) = y ∗ (x ∗ x)
ii) y ∗ (x ∗ (y ∗ x)) = 0
iii) (x ∗ (x ∗ y)) ∗ y = (x ∗ x) ∗ (y ∗ y)
iv) y ∗ (y ∗ (y ∗ x)) = y ∗ x
v) x ∗ (x ∗ y) = x ∗ y
vi) y ∗ (x ∗ (x ∗ y)) = 0
vii) (x ∗ y) ∗ 0 = (x ∗ 0) ∗ (y ∗ 0)
viii) (x ∗ y) ∗ x = 0 ∗ y.

3 Main Results

3.1 Definition

Let µ be a fuzzy set in a KM-algebra. Then µ is called a fuzzy KM-
subalgebra of X if µ(x ∗ y) ≥ minµ(x), µ(y) for all x,y εX .

3.2 Example

Let X={0,1,2} be a set with the following table

∗ 0 1 2
0 0 1 2
1 0 0 2
2 0 2 0

(X, ∗, 0) is a KM-algebra.
Define a fuzzy set µ : X −→ [0, 1] by µ(0) = 0.5,µ(1) = 0.3,µ(2) = 0.1.
Then µ is a fuzzy KM-subalgebra of X.

IfA ⊆ X, the characteristic function µAof X is a function of X into{0, 1}defined
as

µA(X) =

{
1 if x ∈ A
0 if x /∈ A
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3.3 Example

LetX = {0, 1, 2}be a KM-algebra ofA = {0, 1, 2, 3} .Then µ(x) =

{
1 if x ∈ {1, 2, 3}
0 if x ∈ {0}

is a fuzzy KM-subalgebras of A.

3.4 Lemma

If A is a fuzzy KM-subalgebra of X, then for all x ∈ X µA(x).

Proof:

For all x ∈ X, we have x ∗ x = 0.
Hence µA(0) = µA(x ∗ x) ≥ min {µA(x), µA(x)} = µA(x)

µA(0) ≥ µA(x)

3.5 Theorem

Let B be a non empty subset of A. Then B is a KM-subalgebra of A if the
characteristic function

µB is a fuzzy KM-subalgebra of A.

Proof:

Assume that B is a KM-subalgebra of A.

Case (i):

suppose x, y ∈ Bthen µB(x) = 1 and µB(y) = 1.

Therefore min {µB(x), µB(y)} = min {1, 1} = 1.

Since B is a KM-subalgebra of A, we have x× y ∈ B

⇒ µB(x ∗ y) = 1
⇒ µB(x ∗ y) = 1 ≥ 1 = min {µB(x), µB(y)}

Case (ii):

Suppose x /∈ B y /∈ B. Then µB(x)=0 or µB(y) = 0.

GEDRAG & ORGANISATIE REVIEW - ISSN:0921-5077

VOLUME 33 : ISSUE 02 - 2020

http://lemma-tijdschriften.nl/

Page No:2037



Thus min {µB(x), µB(y)} = 0..
Therefore µB(x ∗ y) ≥ 0 = min {µB(x), µB(y)}.
Hence µBis a fuzzy KM-subalgebra of A.

Conversely, assume that µBis a fuzzy KM-subalgebra of A.
Let x, y ∈ B then µB(x) = 1 & µB(y) = 1.

⇒ min {µB(x), µB(y)} = 1

Since µBis a fuzzy KM-subalgebra of A,
we have µB(x ∗ y) ≥ min {fB(x), fB(y)} = 1

⇒ µB(x ∗ y) = 1
⇒ x ∗ y ∈ B

B is a KM-subalgebra of A.

3.6 Proposition

Let A be a fuzzy KM-subalgebra of X, & let n ∈ N . Then

1. µA(
n∏
x ∗ x) ≥ µA(x),for any odd number n

2. µA(
n∏
x ∗ x) = µA(x), for any even Number n

Proof:

1. Let x ∈ Xand assume that n is odd.

That is n = 2k − 1,for some positive integer k, apply mathematical in-
duction on n.

µA(x ∗ x) = µA(0) ≥ µA(x)

Assume that the result is true for 2k-1

Therefore µA(
2k−1∏

x ∗ x) ≥ µA(x)

µA(
(2k+1)∏

x ∗ x) = µA(
2k−1∏

x ∗ (x ∗ (x ∗ x)))

= µA(
2k−1∏

x ∗ 0)

= µA(
2k−1∏

x ∗ x)
≥ µA(x)

Which proves (i).
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1. Let x ∈ Xand assume that n is even.

Let n = 2kfor some positive integer k. Apply mathematical induction on
n

µA((x× x)× (x× x)) ≥ min {µA(x× x), µA(x× x)}

≥ min{min {µA(x), µA(x)} ,min {µA(x), µA(x)}

= µA (x)

Which proves (ii).

3.7 Theorem

Let A be a fuzzy KM-subalgebra of X. If there exists a sequence {xn}in X,
such that

lim
n→∞

µA(xn) = 1 , then µA (0) = 1.

Proof:

By above lemma we have µA (0) ≥ µA(xn)for every positive integer n.
Consider 1 ≥ µA(0) ≥ lim

n→∞
µA(xn) = 1.

Hence µA(0) = 1.

3.8 Theorem

Let A1 and A2 are fuzzy KM-subalgebra of X. Then A1

⋂
A2is a fuzzy KM-

subalgebra of X.

Proof:

Let x ∈ A1

⋂
A2then x ∈ A1and x ∈ A2

µA1
⋂
A2(x× y) = min {µA1(x× y), µA2(x× y)}

≥ min {min {µA1(x), µA1(y)} ,min {µA2(x), µA2(y)}}

= min
{
µA1

⋂
A2(x), µA1

⋂
A2(y)

}
Therefore A1

⋂
A2 is a fuzzy KM-subalgebra of X.
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3.9 Theorem

Let {Ai|i ∈ N}be a family of fuzzy KM-subalgebra of X, then
⋂
i∈N

Aiis also

on fuzzy KM-subalgebra of X.

3.10 Definition

Let A be a fuzzy set in KM-algebra of X & λ ∈ [0, 1], then the level KM-
subalgebra M (A, λ)of A is defined as
M (A, λ) = {x ∗ y ∈ X|µA (x, y) = λ}(for some x ∈ X).

Given a fuzzy set A defined on KM-algebra X and any numberλ ∈ [0, 1],
then the strong level and the super strong level KM-subalgebra M (A,>, λ)of
X are defined as follows

M (A;≥, λ) = {x ∗ y ∈ X|µA (x, y) ≥ λ}

M (A;>, λ) = {x ∗ y ∈ X|µA (x, y) > λ}

.

Example
Let X = {0, 1, 2}be a set with the following table,
* 0 1 2
0 0 1 2
1 0 0 2
2 0 2 0

Define a fuzzy set µ : X → [0, 1]by µ (0) = 0.7,µ (1) = 0.1,µ (2) = 0.3then µ
is a KM-algebra of X.

Level KM-subalgebras,µ (A, λ) = {0 ∗ 1, 2 ∗ 2}

Strong level KM-algebras,µ (A,≥, λ) = {0 ∗ 0, 0 ∗ 2, 1 ∗ 0, 1 ∗ 1, 1 ∗ 2, 2 ∗ 0, 2 ∗ 1, }

3.11 Theorem

A strong level KM-subalgwbra A on R is convex if and only ifµ (λx1 + (1− λx2)) ≥
min [µ (x1) , µ (x2)] for all x1, x2 ∈ Rand all λ ∈ [0, 1], where min denotes the
minimum operator.
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Proof:

Assume that A is Convex. For any α ∈ [0, 1]

α = µ (x1) ≥ µ (x2)

⇒ x1, x2 ∈M (A;≥, α)

⇒ λx1 + (1− λx2) ∈M (A;≥, α)∀α ∈ [0, 1]

By the convexity of A.

µ (λx1 + (1− λ)x2) ≥ α = µ (x1) = min [µ (x1) , µ (x2)]

⇒ µ (λx1 + (1− λ)x2) ≥ min [µ (x1) , µ (x2)]

.
Conversely

Assume that A satisfies

µ (λx1 + (1− λ)x2) ≥ min [µ (x1) , µ (x2)]

To prove for any α ∈ [0, 1] ,M (A;≥;α)is convex.
For any x1, x2 ∈M (A;≥, α)
Ie, µ (x1) ≥ α &µ (x2) ≥ α
For any λ ∈ [0, 1],

µ (λx1 + (1− λ)x2) ≥ min [µ (x1) , µ (x2)]

≥ min [α, α]

= α

i.e , (λx1 + (1− λ)x2) ∈ M (A;≥, α) ⇒ M (A;≥, α) is convex for any α ∈
[0, 1]

Hence A is convex.

3.12 Theorem

Every KM-subalgebra of a strong level KM-subalgebra is a fuzzy KM-subalgebra
of X.

Proof:
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Let Y be a KM-subalgebra of X and let A be a fuzzy set on X defined by

µA (x) =

{
λ if x ∈ Y
0 otherwise

Also M (A,≥, λ) = Y .

Let x, y ∈ X. We consider the following cases

Case (i):- If x, y ∈ X,then x ∗ y ∈ Y
thereforeµA (x ∗ y) = λ = min {λ, λ} = min {µA (x) , µA (y)}.

Case (ii):- If x, y /∈ Y ,then x ∗ y ∈ Y ,then µA (x) = 0& µA (y) = 0
thereforeµA (x ∗ y) ≥ 0 = min {0, 0} = min {µA (x) , µA (y)}.

Case (iii):- If x ∈ y & y /∈ Y ,then µA (x) = λand µA (y) = 0
thereforeµA (x ∗ y) ≥ 0 = min {λ, 0} = min {µA (x) , µA (y)}.

Case(iv):- If x /∈ y&y ∈ Y ,then by the same argument as in case (iii), we
can conclude that

µA (x ∗ y) ≥ min {µA (x) , µA (y)}

Therefore A is a fuzzy KM-subalgebra of A.

In the next theorem we generalize the above theorem.

3.13 Theorem

Let X be a KM-algebra then for any chain of KM-subalgebras
A0 ⊂ A1 ⊂ ... ⊂ Ar = Xthere exists a fuzzy KM-subalgebra on x whose
strong level KM-subalgebras are exactly the KM-subalgebras of this chain.

Proof:

Consider a set of numbers
n0 > n1 > ..... > nrwhere each ni ∈ [0, 1] define µ : X → [0, 1]by
µ (Ai\Ai−1) = tifor all0 < i ≤ r, & µ (A0) = t0
To prove that is a fuzzy KM-subalgebra of X.

Let x, y ∈ Y , we consider the following cases

Case (i):
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Let x, y ∈ Ai\Ai−1, then µ (x) = ti = µ (y)
Since Aiis a KM-subalgebra, then x ∗ y ∈ Ai
So x ∗ y ∈ Ai\Ai−1 or x ∗ y ∈ Ai−1 and in each of them we have

µ (x ∗ y) ≥ ti = min {µ (x) , µ (y)}

Case (ii):

Let x ∈ Ai\Ai−1 , y ∈ Aj\Aj−1 where i < jthen
µ (x) = ti,µ (y) = tjsince Aj ⊆ Ai & Aiis a KM-subalgebra of X, then

x ∗ y ∈ Ai
Hence µ (x ∗ y) ≥ tj = min {µ (x) , µ (y)}
Also Im (µ) = {t0, t1, ....tr}, therefore the strong level KM-subalgebras of

µare given by the chain of KM-subalgebras

µt0 ⊂ µt1 ⊂ .... ⊂ µtr = X

We have µt0 = {x ∈ X|µ (x) ≥ t0} = A0

⇒ Ai ⊆ µti

Let x ∈ µtithen µ (x) ≥ tithen x ∈ Aj for j > i
So µ (x) ∈ {t0, t1...ti}thus x ∈ Akfork ≤ i, sinceAk ⊆ Ai, wegetx ∈ Ai
Hence Ai = µti for 0 ≤ i ≤ r
Hence is a fuzzy KM-subalgebra of X.

3.14 Theorem

Let Y be a subset of X & A be a fuzzy set on X which is given in the proof
of theorem. If A is a fuzzy KM-subalgebra of X, then Y is a KM-subalgebra
of X.

Proof:

Let A be a fuzzy KM-subalgebra of X, & x, y ∈ Y
Then µA (x) = µA (y) = λ
Therefore µA (x ∗ y) ≥ min {µA (x) , µA (y)}

= min {λ, λ}
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= λ

⇒ x ∗ y ∈ Y

⇒ Y is a KM-subalgebra of X.

3.15 Theorem

If A is a fuzzy KM-subalgebra of X,then the setXµA = {x ∈ X|µA (x) = µA (0)}is
a KM-subalgebra of X.

Proof:

Let x, y ∈ XµA

Then µA (x) = µA (0) = µA (y)

µA (x ∗ y) ≥ min {µA (x) , µA (y)}

= min {µA (0) , µA (0)}

= µA (0)

By lemma µA (x ∗ y) = µA (0)⇒ x ∗ y ∈ XµA

⇒ XµA is a fuzzy KM-subalgebra of X.

3.16 Theorem

Let M be a crisp subset of X. suppose that N is a fuzzy set of X defined
byµNas

µN (x) =

{
α if x ∈M
β otherwise

For all α, β ∈ [0, 1]with α ≥ β. Then N is a fuzzy KM-subalgebra iff M is
a(crisp) KM-subalgebra of X.

Proof:

Let N be a fuzzy KM-subalgebra
Let x, y ∈ X be such thatx, y ∈M
Then µN (x ∗ y) ≥ min {µN (x) , µN (y)}

= min {α, α}
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= α

⇒ x ∗ y ∈ µ

⇒M is a KM-Subalgebra of X. conversely, suppose that M is a KM-Subalgebra
of X.

Let x, y ∈ X.

1. If x, y ∈M thenx ∗ y ∈M ,thus

µN (x ∗ y) = α = min {µN (x) , µN (y)}

2. If x /∈M (or) y /∈M ,then

µN (x ∗ y) ≥ β = min {µN (x) , µN (y)}

⇒N is a fuzzy KM-subalgebra , moreover we have

XµN = {x ∈ X|µN (x) = µN (0)}

= {x ∈ X|µN (x) = α}

XµN =M.

4 References

[1] Arsham Borumand Saeid,Hee Sik Kim and Akbar Rezaei,On BI-algebras,Versita,25(1),2017,177-
194.
[2] Q.P.Hu and X.Li,On BCH-algebras,Math.semin.notes,Kobe Univ,11,(1983),313-
320.
[3]A.Iampan,A new branch of the logical algebra:UP-algebras, Journal of
Algebra and Related Topics,5(1), 2017,35-54.
[4] A.Iampan,Fuzzy sets in UP-algebras,Annals of Fuzzy Mathematics and
Informatics,2015,1-18.
[5]Y.Imai and K.Iseki, On axiom system of propositional calculi,XIV,Proc.Japan
Acad.42(1),(1966),19-22.
[6]Y.B.Jun,Fuzzy BCK/BCI-algebras with operators,Scientiae Mathematicae
3(2),(2000), 283-287.
[7]Y.B.Jun, Fuzzy sub-implicative ideals of BCI-algebras,Bull.Korean Math.Soc.39(2),(2002),85-
198.

GEDRAG & ORGANISATIE REVIEW - ISSN:0921-5077

VOLUME 33 : ISSUE 02 - 2020

http://lemma-tijdschriften.nl/

Page No:2045



[8]Y.B.Jun,Q-fuzzy subalgebras of BCK/BCI-algebras,Sci.Math.Jpn.,Online
4,2001,197-202.
[9]Mahadevan Chandramouleeswaran, Prakasam Muralikrishna and Kota Su-
jatha, A Note on Z-algebra,Italian Journal of Pure and Applied Mathematics,
38,2017 , 707-714.
[10]K.Kalaiarasi and V.Manimozhi,Origin of KM-algebra,International Jour-
nal of Research and Analytical Reviews,6(1),2019,939-946.
[11]Safoura Zadeh,Ali Radfar and Arsham Borumand Saied,On BP-algebras
and QS-algebras,The Journal of Mathematics and Computer science,5(1),2012,17-
21.
[12]A.B.Saeid and M.A.Rezvani,On fuzzy inBF-algebras,Int.Math.Forum,4(1),2009,13-
25.
[13]S.Sowmiya and P.Jeyalakshmi, Fuzzy Algebraic Structure in Z-algebras,World
Journal of Research and Technology,5(4),2019,74-88.
[14]Sun Shin Ahn and Keumseong Bang,On Fuzzy subalgebras in B-algebras,Commun.KoreanMath.Soc.,18,2003,429-
437.
[15]Sun Shin Ahn,Jung Mi Ko and A.Borumand Saeid,On ideals of BI-algebras,Journal
of Indonesian Mathematical Society,25(1),2019,24-34.
[16]L.A.Zadeh,Fuzzy Sets,Inf.Cont.,8,1965,338-353.

GEDRAG & ORGANISATIE REVIEW - ISSN:0921-5077

VOLUME 33 : ISSUE 02 - 2020

http://lemma-tijdschriften.nl/

Page No:2046


