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Abstract: Viglino[13], introduced the family of C-compact spaces, showing that every
continuous function from a C-compact spaces into a Hausdorff spaces is a closed function and
that this class of spaces properly contains the class of compact spaces. In this present paper we
study these spaces by considering A -open sets introduced by Arenas et.al [1]. We also
characterize their fundamental properties.
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1. Introduction and Preliminaries

It is well known that the image of a compact space under a continuous function into a
Hausdorff space is closed. If we denote by P the property that every continuous function from a
topological space into a Hausdorff space is closed then the problem is whether underlying
topological space having the property P is always compact. Viglino [14] resolved this problem in
1969 in the negative and substantiated his argument with an example. He simultaneously
introduced a new class of topological space for which property P held. He called these spaces as
C-compact. Since then, a tremendous number of papers such as Viglino[14],Sakai[13],
Herringaton et.al.[8], Viglino[15], Goss & Viglino[7] and Kim[9] have appeared on C-compact
spaces. Maki [3] introduced the notion of A -sets in topological spaces. A A -set is a set A
which is equal to its kernel, that is, to the intersection of all open super sets of A. Arenas et.al.
[1] introduced and investigated the notion of A-closed sets by involving A -sets and closed sets.

C.Duraisamy et.al [5] discussed some of the properties of A -continuous functions.
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Throughout this paper X and Y represents non-empty topological spaces on which no
separation axioms are assumed, unless otherwise stated. For any subset A of X, CI(A) and Int(A)
respectively represents the closure and interior of A. Now we recall some definitions and results,
which we have used in the sequel. In this paper, we venture to generalize C-compact spaces by

using A -open set and shall term them as C- A -compact spaces.

Definition 1.1: Viglino[14] A topological space X is called C-compact if for each closed subset

A c Xand for each open cover U= {U, \.1 € A}of A, there exists a finite sub collection
{U)J \1<i< n} of U such that A ¢ UCI(UX_ )
i i-1 i

Definition 1.2: Njastad[12] A subset A of a topological space X is called a-open if
A cint(cl(int(A))). The complement of an a-open set is called an a-closed. Equivalently, a set F
is a-closed in X if cl(int(cl(F))) € F. The family of all a-open (respectively a-closed) sets in

X is denoted by aO(X) (respectively aC(X).

Remark 1.3: Mashour et.al.[11] Continuity implies a-continuity but not conversely.

Remark 1.4: Mashour et.al.[11] Every open mapping (closed mapping) is a-open (a-closed)

but the converse is not true.

2. C-L-COMPACT SPACES
Definition 2.1: A topological space X is said to be C-A -compact if for each closed subset

A c Xand for each A -open cover U={U, \h e Ajof A, there exists a finite sub collection
U, \1<i<n!} of Usuchthat, Ac Ucl, (U, ).
1 |=1 1

Lemma 2.2: A topological space X is C- A -compact if and only if for each closed subset A < X

and for each A -regular open cover U ={U, \lL e A} of A, there exists a finite sub collection
{U;J \1<i< n} of U such that, A c UCIK(UN )
1 |:l 1

Proof: Let X be C-A-compact and let {Ux \A eA}be any cover of A by A -open sets. Then

V ={Int, (Cl, (U,))} isaX-regular open cover of A and so there exists a finite sub collection

VOLUME 33 : ISSUE 02 - 2020 Page No:1394



GEDRAG & ORGANISATIE REVIEW - ISSN:0921-5077 http://lemma-tijdschriften.nl/

{Intk(CIx(Uki )):1<i< n} of "V such thatAcUCIk{Intx(Clx(Uki ))} . But for each i, we have

i=1
Clx{lntx(CIA(Uxi ))}: Clx(uxi)
Therefore, A = JCI, (U,,) implying that X is C- 1 -compact.
i=1
Theorem 2.3: A A -continuous image of a C- A -compact space is C-A -compact.

Proof: Let A be a closed subset of Y and let V' be an A -open cover of A. By A -continuity
of f, f'(A) is an L -closed subset of X and is such that P = {f V):Ve V} is a cover of

f (A) by A -open sets. By C- A -compactness of X, there exists finite collection say;

{P,:1<i<n}of P such that f *(A) cU{CIk(f (V) :1<i< n} . Now by A -continuity of f ,

i=1

Ac|J{Cl,(V)):1<i<n}. ThusY isa C-\ -compact space.

i=1
Definition 2.4: Let X be a topological space and A be a subset of X then an elementx € X is
called A -adherent point of A if every A -open set G containing x contains at least one point of
A, thatis, GNA = 4.
Definition 2.5: Let X be a non-empty set. A non-empty collection B of non-empty subset

of Xis called a basis for some filter on X if
() ¢¢B
(i) If B,,B, € B thenthere exista B B such that B B, N B,.
Definition 2.6: Let B be a filter base on a set X then the filter ‘F is said to be generated by B
if F={A:Ac,BeB}
Definition 2.7: A filter base F is said to be A -adherent convergent if every neighborhood
of the A -adherent set of ‘F contains an element of F .

Theorem 2.8: For any A -Hausdorff space X. The following properties are equivalent.
(i) Xis C-A -compact.
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(if) For each closed subset Ac— X and for each family f of closed set of X with

~{FAA:Fe f}=¢ there exists finite collection say; {F :1<i<n} of f with
A{Gint, F)NA:1<i<n}=g.
i=1

(iii) If A is a closed subset of X and f is an open filter base on X whose element have
non-empty with A, then f has a A -adherent point in X.
Proof: (i)=(ii): Let A be a closed subset of a C- A -compact space X and f be a family of
closed subset of X with N{FNA:Fe f}=¢ = AcX~n{F:Fef}or
Ac U{X~F:Fe f}. Therefore {X ~F:Fe f}is an open cover of A. Since every open set is

a A -open set, therefore G={X~F:Fe f} is aA --open cover of A and so by C-AX -

compactness of X, there exists a finite subfamily say; {X ~F:1<i<n andF, € f}
of G such that Ac U{Cl,(X~F):1<i<n} = Ac X~ rn]{(lntx(Fi)) :1<i<n} Therefore
i=1 i=1

.ri]{(intx Fi)ﬁAZISign}:¢_

i=1

(i)=(iii): Suppose that there exist a closed set A and let G be an open filter base having
non-empty trace with A such that G has no X -adherent point. Now f = {CI, (G): G € G}

is a family of closed set such that ~{Cl, (G): G e G}nA=¢ . ButCl, (G)is a superset of

Gso Cl,(G)e@G. Therefore n{(Cl, (G))nA:G e G} isatrace of A and by hypothesis

G has no A -adherent point, therefore N{(Cl, (G))nA:GeG}=¢] so there is a finite

subfamily of f, say {F, =CI, (G,):1<i<n }with ({(int, F)NA:1<i<n}=¢ or Acl)
i=1

i=1

{X ~int, (Cl,(G,)):1<i<n} . Therefore rn]{Gi NA:1<i<n}=¢. Since G is a filter base,

i=1

therefore there must exist a GeG such that Gc(n]{Gi :1<i<n} . So GNA=¢, a

i=1
contradiction.
(iii)=(i): Assume that X is not C- A -compact then there is a closed subset A and a covering ‘U

of A consisting of A -open subset of X such that for any finite subfamily {U, :1<i < n} of U,

Acz@l{cu (U,):1<i<n}.Now g:[x~g{c:|k(ui):1gi3n and U, e’U}}is
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an open filter base having non-empty trace with A, so by (iii) there is an A -adherent

point of G in A, let it be x. Thus XEC|;’|:X ~ LHJ{CIX(Ui) 1<i<n }} say, for eachG e G or
i=1

Xe [X ~ LnJ{Ui :1<i<n }} Therefore, U is not a covering of A, a contradiction.

-1
Theorem 2.9: A A -Hausdorff space X is C-A -compact if and only if every open filter base ‘F
is A -adherent convergent.

Proof: Let ‘F be an open filter base of the C- A -compact space X. Let A be A -adherent

set of F . Let G be an open-neighborhood of A. Since A is the A -adherent set of F,

we have A = ~{Cl, (F): F € F}. Since G is an open-neighborhood of A, we have

AcGand X~ G isclosed. Clearly{X ~Cl, (F): Fe F} isan X -open cover of X ~G and

so X~G cO{Cll(X ~Cl,F):1<i<n}. This implies h{Clz(X ~ClLF):1<i<n}cG.

i=1 i=1

Further X~CI,F =« X~F or [{F:1<i<n} c[{Cl,(X~Cl,F):1<i<n} . Thus

i
i=1 i=1

ﬂ{Fi :1<i<n} <G, thatis, open-neighborhood G of A contains a point of F .
i=1

Conversely, let X be a non C-A -compact space and let A be any closed subset of X.
Choose an A -open cover ‘U of A such that A is not contained in the A -closure of any finite
union of elements in ‘U . Without loss of generality we may consider ‘U to be closed under

finite unions. Obviously, then F = {X ~ Cl,G:G U/} an open filter base in X. Let x be an
A -adherent point of F . This clearly implies that x ¢ A. So the A -adherent set of the open filter
base F is contained in X ~ A, but no element of F is contained in X ~ A

Theorem 2.10: A A -Hausdorff space X is C-A -compact if and only if for each closed subset C

of X and A open cover C of X ~C and a open-neighborhood U of C, there exists a finite

collection {G, e C:1<i<n} suchthat X =U ULnJ{CIXGi 1<i<n}.

i=1
Proof: Since U is an open-neighborhood of C, therefore Cc Uc CI(C), or X~U cX~C

where X ~ U is a A -closed set. Further, as C is a A -open cover of X ~C. Therefore Cisa A-
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open cover of the a-closed set X ~ U too. Now by C- A -compactness of X, there exists a finite

subfamily {G; :1<i<n} of Csuch that X ~ U = J{CI, G, :1<i < n} which implies

i=1

X=U UO{CIXGi :1<i<n}.

i=1

Conversely; Let A be a closed subset of X, G be an A -open cover of A, Therefore

AcU{G:GeG}=H (say), obviously H is A -open, therefore X ~H=C (say), is A -closed

and CcX~A. Since X~A is A -open. Therefore we can take X ~A=U is an open

neighborhood of C, thus by the given statement X = U UU{CILGi 1<i< n}. Hence X is
i=1

C- A -compact.

Theorem 2.11: Every A -continuous function from a C-A -compact space to a A -Hausdorff

space is closed.

Proof: Let f be A -continuous function from a C- A -compact space X to a A -Hausdorff space

Y. Let C be a closed set in X and letP ¢ f(C). Now for every x e f(C),x = p and hence choose a

open-neighborhood N, such thatP ¢ Cl, (N,), obviously{f ‘1(NX): X e f(C)}is a A -open cover

of C. Let {x, :1<i <n} be such that, C = LHJ{CIX f ‘1(in ):1<i<n} because X is C- -compact

i=1

space. Thus by the A -continuity of f, Y ~ LnJ{CIX(N y ):13 i < n} A -neighborhood of p disjoint
i=1

from Y . Hence C is closed, so A -continuous function f from C-A -compact space X to a A -
Hausdorff space Y is closed.
Definition 2.12: A Hausdorff space X is said to be a functionally compact space if for every
open filter base U in X, the intersection A of the elements of U is equal to the intersection of the
closure of the elements of U, then U is a base for the neighbourhood of A.
Theorem 2.13: Every C- A -compact space is functionally compact.
Proof: Let ‘U be an A -open filter base in the C- -compact space X. Let A=n(U:U eU)

=(Cl,U:U eU). Let G be an A -open set containing A. Then N (Cl,U: U e U) is a subset
of G, that is, n{X ~CI, (U): U eﬂ}. Now X ~G is a A-closed subset of the C-A -compact
space X. Therefore the XA -open cover (X~CI, (U):UeU) of X~G has a finite
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subfamily, say (X~Cl,(U,):1<i<n) such that X~G c U(Cl,(X~Cl, (U;)):1<i<n)
= (X ~Cl, (U;):1<i<n), thatis, n{U, :1<i<n}cG . Since U is a filter base there exists a
UeU such that Uc U, :1<i<n} and hence UcG and the space X is functionally

compact.
Theorem 2.14: A ) -Hausdorff space X is functionally compact if and only if for
every A -regular closed subset C of X and A -open cover B of X ~ C and a open-neighborhood

U of C, there exists a finite collection {BXi eB:1<i< n} such  that
X=U U{U{Ch(Bx_ )i<i< n}}
i-1 '

Proof: For each x e X ~ C, since C is A -regular closed, there exists an A -open set A, such

that CI,A, < X ~C. Also there exists a B, € B such that xe B, . Let G, =A, (1B,. Then
G,is an A -open set such that xeG,, Cl,G, « X~ C and there exists a B, B such that
G,cB,.Also X~C=U{G, :xe X~C}=U{Int,CI,G, :xe X~ C}=U{CI,G, : xe X~ C}.
Suppose, if possible, that no finite collection of G is such that the A -closure of its members

cover X ~U. Now for any finite collection {G, :1<i<njof G, n{X~Cl,G, :1<i<nf=¢.
Let V be the family of the all finite intersection of the family {X ~CI,G, :xe X ~C}.
Now V is an A -open filter base such that N{V:V eV} =n{X~CI,G, :xeX~C}
=X~n{Cl,G,:xeX~C}=C and ~{Cl,V:VeV} =n{Cl,(X~Cl,G,):xeX~C}
=n{(X~Int,Cl,G,): xe X~ C} =X ~uU{(Int,Cl,G,): xe X ~C}=C . But there exists no
V eV such that C — U — V and this is a contradiction to the fact that X is functionally compact.

Hence there exists a finite collection {Gxi :1£i§n} and hence {Bxi :1si3n} such that

X=U U[Q{CIA(BXE )i<is< n}}

Conversely; Let U be an A -open filter base such that A=n(U: U eU) =n(CLU:UeU) .
Let G be an A -open set containing A. Now for each x € X ~ A, there exists a U € ‘Usuch that

x&Cl,(U). Nowxe X ~Cl,(U)and Cl,(X~Cl,(U)NA=¢, because Ac U for each
UeU . Therefore, A is a % -regular closed set. {X~Cl,(U):UeU } is an A -open
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cover of X~A . Therefore there exists a finite collection {X ~CI,(U,):1<i<n} of
{X~Cl,(U):UeU }such that X=G U[U{CL (X~CL (U)):1<i<n}| . ThusX~G
cu{ClL(X~Cl,(U))):1<i<n} that is, u{Int,Cl,(U):1<i<njcG that is,
U{U;:1<i<n{cG . Since U is an A -open filter base, there exists a UeU such that

Uc{U,:1<i<n} and hence Uc G. Thus X is functionally compact.
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