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Abstract: Viglino[13], introduced the family of C-compact spaces, showing that every 

continuous function from a C-compact spaces into a Hausdorff spaces is a closed function and 

that this class of spaces properly contains the class of compact spaces. In this present paper we 

study these spaces by considering λ -open sets introduced by Arenas et.al [1]. We also 

characterize their fundamental properties.  
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1. Introduction and Preliminaries  

It is well known that the image of a compact space under a continuous function into a 

Hausdorff space is closed. If we denote by P the property that every continuous function from a 

topological space into a Hausdorff space is closed then the problem is whether underlying 

topological space having the property P is always compact. Viglino [14] resolved this problem in 

1969 in the negative and substantiated his argument with an example. He simultaneously 

introduced a new class of topological space for which property P held. He called these spaces as 

C-compact. Since then, a tremendous number of papers such as Viglino[14],Sakai[13], 

Herringaton et.al.[8], Viglino[15], Goss & Viglino[7] and Kim[9] have appeared on C-compact 

spaces. Maki [3] introduced the notion of   -sets in topological spaces. A  -set is a set A 

which is equal to its kernel, that is, to the intersection of all open super sets of A. Arenas et.al. 

[1] introduced and investigated the notion of -closed sets by involving  -sets and closed sets. 

C.Duraisamy et.al [5] discussed some of the properties of λ -continuous functions. 
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Throughout this paper X and Y represents non-empty topological spaces on which no 

separation axioms are assumed, unless otherwise stated. For any subset A of X, Cl(A) and Int(A)                                                                                                         

respectively represents the closure and interior of A. Now we recall some definitions and results, 

which we have used in the sequel. In this paper, we venture to generalize C-compact spaces by 

using λ -open set and shall term them as C- λ -compact spaces. 

 

Definition 1.1: Viglino[14] A topological space X is called C-compact if for each closed subset     

XA  and for each open cover   λλ \UU of A, there exists a finite sub collection 

 ni
iλ

1\U   of U such that  
i

n

i
λ

1

UClA


  . 

Definition 1.2: Njastad[12] A subset A of a topological space X is called α-open if                           

A ⊆int(cl(int(A))). The complement of an α-open set is called an α-closed. Equivalently, a set F 

is α-closed in X if cl(int(cl(F))) ⊆ F. The family of all α-open (respectively α-closed) sets in 

X is denoted by αO(X) (respectively αC(X). 

Remark 1.3:  Mashour et.al.[11] Continuity implies α-continuity but not conversely. 

Remark 1.4: Mashour et.al.[11] Every open mapping (closed mapping) is α-open (α-closed) 

but the converse is not true. 

 

2. C- λ -COMPACT SPACES 

Definition 2.1:  A topological space X is said to be C- λ -compact if for each closed subset 

XA  and for each λ -open cover   λ\UλU of A, there exists a finite sub collection 

 ni
iλ

1\U   of U such that,  
i

n

i
λλ

1

UClA


  . 

Lemma 2.2: A topological space X is C- λ -compact if and only if for each closed subset XA 

and for each λ -regular open cover   λ\UλU  of A, there exists a finite sub collection 

 ni
iλ

1\U   of U such that,  
i

n

i
λλ

1

UClA


  . 

Proof: Let X be C- λ -compact and let  λ\Uλ be any cover of A by λ -open sets. Then 

 ))U(Cl(Int λλλV   is a λ -regular open cover of A and so there exists a finite sub collection 
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 ni 1:))U(Cl(Int
iλλλ  of V such that  ))U(Cl(IntClA λλλ

1

λ i

n

i




  . But for each i, we have  

  )U(Cl))U(Cl(IntCl λλλλλλ ii


 

Therefore, 
n

i
i

1

λλ )U(ClA


  implying that X is C- λ -compact. 

Theorem 2.3: A λ -continuous image of a C- λ -compact space is C- λ -compact. 

Proof: Let A be a closed subset of Y and let V  be an λ -open cover of A. By λ -continuity  

of  f , )A(1f  is an λ -closed subset of X and is such that  V  V:)V(P 1f  is a cover of 

)A(1f  by λ -open sets. By C- λ -compactness of X, there exists finite collection say;    

 nii 1:P
 
of P  such that  

n

i niff
1i

1

λ

1 1:))V((Cl)A(


   . Now by λ -continuity of f , 

 
n

i ni
1i

λ 1:)V(ClA


 .  Thus Y is a C- λ -compact space. 

Definition 2.4: Let X be a topological space and A be a subset of X then an element Xx is 

called λ -adherent point of A if every λ -open set G containing x contains at least one point of  

A, that is, AG . 

Definition 2.5: Let X be a non-empty set. A non-empty collection B of non-empty subset 

of X is called a basis for some filter on X if  

(i)  B   

(ii) If  B21 B,B   then there exist a BB  such that 
21 BBB  . 

Definition 2.6: Let B  be a filter base on a set X then the filter F  is said to be generated by B  

if  BF  B,A:A  

Definition 2.7: A filter base F  is said to be λ -adherent convergent if every neighborhood 

of the λ -adherent set of F  contains an element of F . 

Theorem 2.8: For any λ -Hausdorff space X. The following properties are equivalent. 

(i) X is C- λ -compact. 
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(ii) For each closed subset XA   and for each family f of closed set of X with 

   fF:AF there exists finite collection say;  nii 1:F  of f with 

  


nii

n

i

1:A)Fint( λ
1

 .  

(iii) If A is a closed subset of X and f is an open filter base on X whose element have              

non-empty with A, then f  has a λ -adherent point in X. 

Proof: (i)(ii): Let A be a closed subset of a C- λ -compact space X and f  be a family of  

closed subset of X with    fF:AF   f F:F~XA  or  

 f F:F~XA . Therefore  fF:F~X  is an open cover of A. Since  every open set is 

a λ -open  set, therefore  f F:F~XG  is a λ --open cover of A and so by  C- λ -

compactness of X , there exists a finite subfamily say;
 
 fni ii  F and   1:F~X   

of G such that   1:)F~(XClA
1

niiλ

n

i




   .1:)F(Int~XA λ
1

nii

n

i




  Therefore 

  


nii

n

i

1:A)Fint( λ
1

 . 

(ii)(iii): Suppose that there exist a closed set A and let G  be an open filter base having 

 non-empty trace with A such that G  has no λ -adherent point. Now  G G:(G)Clλf   

is a family of closed set such that     AG:(G)Clλ G  . But (G)Clλ is a superset of  

G so  G(G)Clλ . Therefore   G G:A(G)Clλ  is a trace of A and by hypothesis   

G  has no λ -adherent point, therefore     GG:A(G)Clλ ] so  there is a finite 

subfamily of f, say   1:)G(ClF λ niii  with   


ni
i

n

i

1:A)Fint(
λ

1

  or
n

i 1

A


 

 nii 1:))(G(Clint ~X λ λ  . Therefore   


nii

n

i

1:AG
1

 . Since G  is a filter base, 

therefore there must exist a GG  such that  nii

n

i




1:GG
1

  . So  AG , a 

contradiction. 

(iii)(i): Assume that X is not C- λ -compact then there is a closed subset A and a covering U  

of A consisting of λ -open subset of X such that  for any finite subfamily nii 1:U  of U ,

 nii

n

i




1:)(UClA
1

λ  . Now  









UG ii

n

i

ni   Uand  1:)(UCl~X λ
1

 is 
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 an open filter base having non-empty trace with A, so by (iii) there is an λ -adherent                     

point  of G in A, let it be x. Thus   









 1:)(UCl~XCl λ
1

nix i

n

i

λ
 
say; for each GG or

 









 1:U~X
1

nix i

n

i

  Therefore, U  is not a covering of A, a contradiction. 

Theorem 2.9:  A λ -Hausdorff space X is C- λ -compact if and only if every open filter base F  

is λ -adherent convergent. 

Proof: Let F  be an open filter base of the C- λ -compact space X. Let A be λ -adherent  

set of F . Let G be an open-neighborhood of A. Since A is the λ -adherent set of F ,  

we have  F F:(F)ClA λ
. Since G is an open-neighborhood of A, we have  

GA and   G~X  is closed. Clearly FF:(F)Cl~X λ
 is an λ -open cover of G~X  and 

 so G~X }1:)FCl~X({Cl
1

niiλ

n

i

λ 


 . This implies G}1:)FCl~X({Cl
1





n

i

iλλ ni . 

Further iλFCl~X iF~X  or 
n

i

i ni
1

}1:{F


 
n

i

iλλ ni
1

}1:)FCl~X({Cl


   . Thus 


n

i

i ni
1

}1:{F


  G ,  that is, open-neighborhood G of A contains a point of F .  

Conversely, let X be a non C- λ -compact space and let A be any closed subset of X. 

Choose an λ -open cover U  of A such that A is not contained in the λ -closure of any finite 

union of elements in U . Without loss of generality we may consider U  to be closed under 

finite unions. Obviously, then  UF  G:GCl~X λ  an open filter base in X. Let x be an     

λ -adherent point of F . This clearly implies that Ax . So the λ -adherent set of the open filter 

baseF  is contained in A~X , but no element of F  is contained in A~X .  

Theorem  2.10: A λ -Hausdorff space X is C- λ -compact if and only if for each closed subset C 

of X and λ open cover C of C~X   and a open-neighborhood U of C, there exists a finite 

collection  nii  1:G C  such that UX   
n

i

i ni
1

λ 1:GCl


 .  

Proof: Since U is an open-neighborhood of C, therefore )Cl(CUC  , or U~X C~X  

where U~X  is a λ -closed set. Further, as C is a λ -open cover of C~X . Therefore C is a  λ -
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open cover of the α-closed set U~X  too. Now by C- λ -compactness of X, there exists a finite 

subfamily nii 1:G  of C such that U~X  
n

i

i ni
1

λ 1:GCl


  which implies 

UX   
n

i

i ni
1

λ 1:GCl


 .  

Conversely; Let A be a closed subset of X, G be an λ -open cover of A, Therefore 

  HG:GA  G   (say), obviously H is λ -open, therefore CH~X   (say), is λ -closed 

and A~XC . Since A~X  is λ -open. Therefore we can take UA~X   is an open 

neighborhood of C, thus by the given statement UX   
n

i
i

ni
1

λ
1:GCl



 .  Hence X is    

C- λ -compact. 

Theorem 2.11: Every λ -continuous function from a C- λ -compact space to a λ -Hausdorff 

space is closed. 

Proof: Let f  be λ -continuous function from a C- λ -compact space X to a λ -Hausdorff space  

Y. Let C be a closed set in X and let  CP f . Now for every   pxfx  ,C  and hence choose a 

open-neighborhood xN such that )N(ClP xλ , obviously   )C(:N1 fxf x  is a λ -open cover 

of C. Let  nixi 1:  be such that,   
n

i

x nif
1

1

λ 1:NClC
i



    because X is C- λ -compact 

space. Thus by the λ -continuity of f ,   
n

i

x ni
1

λ 1:NCl~Y
i



   λ -neighborhood of p disjoint 

from Y . Hence C is closed, so λ -continuous function f  from C-λ -compact space X to a λ -

Hausdorff space Y is closed. 

Definition 2.12: A Hausdorff space X is said to be a functionally compact space if for every 

open filter base U in X, the intersection A of the elements of U is equal to the intersection of the 

closure of the elements of U, then U is a base for the neighbourhood of A. 

Theorem 2.13: Every C- λ -compact space is functionally compact. 

Proof: Let U  be an λ -open filter base in the C- λ -compact space X. Let )U:(UA U   

)U:U(Cl U λ . Let G be an λ -open set containing A. Then )U:U(Cl U λ is a subset 

of G, that is,  U U:(U)Cl~X λ
. Now G~X  is a λ -closed subset of the C- λ -compact 

space X. Therefore the λ -open cover  UU:(U)Cl~X λ
 of G~X  has a finite         
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subfamily, say  nii 1:)(UCl~X λ
 such that  nii  1:))(UCl~XCl(G~X λλ          

  nii 1:)(UCl~X λ , that is,  nii  1:U G  . Since U is a filter base there exists a 

UU  such that  nii  1:UU   and hence GU   and the space X is functionally 

compact. 

Theorem 2.14: A λ -Hausdorff space X is functionally compact if and only if for  

every  λ -regular closed subset C of X and λ -open cover B of C~X  and a open-neighborhood  

U of C, there exists a finite collection  ni
i

x  1:B B  such that 

  











n

i
xλ

ni
i

1

1:BClUX . 

Proof: For each C~Xx , since C is λ -regular closed, there exists an λ -open set xA  such 

that  C~XACl xλ . Also there exists a BxB  such that xx B . Let xxx BAG  . Then 

xG is an λ -open set such that  xx G , C~XGCl xλ  and there exists a  BxB  such that

xx BG  . Also  C~X:GC~X  xx  C~X:GClInt  xxλλ  C~X:GClλ  xx . 

Suppose, if possible, that no finite collection of G is such that the λ -closure of its members 

cover U~X . Now for any finite collection  ni
ix 1:G of G,    ni

ixλ 1:GCl~X . 

Let V be the family of the all finite intersection of the family  C~X:GCl~X xxλ .              

Now V is an λ -open filter base such that  V V:V  C~X:GCl~X  xxλ

  CC~X:GCl~X  xxλ  and  V V:VCl λ   C~X:GCl~XCl  xxλλ

  C~X:GClInt~X  xxλλ    CC~X:GClInt~X  xxλλ . But there exists no 

VV such that VUC   and this is a contradiction to the fact that X is functionally compact. 

Hence there exists a finite collection  ni
ix 1:G  and hence  ni

ix 1:B  such that 

  











n

i
xλ

ni
i

1

1:BClUX
.
 

Conversely; Let U be an λ -open filter base such that )U:(UA U   = )U:U(Clλ U   . 

Let G be an λ -open set containing A. Now for each A~Xx , there exists a UU such that

 UClλx . Now  UCl~X λx and    AUCl~XCl λλ    because UA  for each 

UU . Therefore, A is a λ -regular closed set.   U:UCl~X λ U  is an λ -open                 
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cover of A~X . Therefore there exists a finite collection  nii 1:)U(Cl~X λ of 

  U:UCl~X λ U such that    ni
i

 1:)U(Cl~XClGX
λλ

 . Thus G~X

  nii  1:)U(Cl~XCl λλ that is,   G1:)U(ClInt λλ  nii  that is, 

  G1:U  nii . Since U is an λ -open filter base, there exists a UU such that

 nii  1:UU  and hence GU  . Thus X is functionally compact. 
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