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Abstarct

In this paper, we present results on the existence, uniqueness, and Ulam-Hyers-
Mittag-Leffler stability of solutions to a class of fractional-order delay differential
equations. We use the Picard operator method and a generalized Gronwall inequality
involved in Riemann-Liouville fractiona lintegral .Finally, we give two examples to
illustrate our main theorems.
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1. Introduction

Fractional-order differential equations are important since the ir non local
property is suit-able to characterize memory phenomena in economic,
control, and materials sciences. Existence, stability, and control theory to
fractional differential equations was investigated in[1-21].In particular, the
Ulam-type stability of delay differential equations was investigated in[22-30].
In[22], results for a delay differential equation were obtained using the Picard
operator method, and in[23] the authors adopted a similar approach to
establish the existence and uniqueness results for a Caputo-type fractional-
order delay differential equation. In[31,32],the authors gave stability and
numerical schemes for two classes of fractional equations.So usaand
Oliveira[33] proposed the Y-Hilfer fractional differentiation operator and
established -Hilfer fractional differential equations. In[24] the authors
studied the Ulam-Hyers stability and the Ulam-Hyers-Rassias stability of -
Hilfer fractional integro-differential equations via the Banach fixed point
method, and in [28] the author discussed the existence and uniqueness of
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solutions and Ulam-Hyers and Ulam- Hyers—Rassias stabilities for {-Hilfer
nonlinear fractional differential equations via a generalized Gronwall

inequality (see[34]).

Motivated by [23, 24, 28], we consider the { -Hilfer fractional differential
equation

H]Dg‘ W x(1) = f(‘t,x(‘t),x(g(‘t))), T €1=(0,d],
7Y x(0%) = %0 €R, 1)
x(t) = ¢(1), T€[-h0],

where H]Dg‘f"q’(.) is the { -Hilfer fractional derivative (see Definition 2.1) of order
0 < a<1and type

0<B=<1, I;: YW () is the Riemann-Liouville fractional integral of order 1 —vy, y =

a + B(1 — a) with respect to the function P(see [2],and ;I X R X R - R is a given
function.

We establish the existence and uniqueness of solutions for (1) using the
Picard operator approach in a weight function space. We also introduce and
present Ulam-Hyers-Mittag-Leffler stability of soltions to (1).

2. Preliminaries

We collect the basic definitions of the { -Riemann-Liouville fractional
integral, the { - Hilfer fractional derivative, and the standard Picard operator and
an abstract Gronwall lemma.

Let [c, d] (0 <c <d < o) bea finite interval on R *, and let C[c, d] be the
space of continuous function g : [c, d] — R with norm

lgllcre,a; = Crg?sglg(X)I-
The weighted space C;_,.[c, d] of continuous g on (c, d] is defined by (see [24])
1-y
Ciopple dl = {g: (c.d] > B; (W00 — ()™ g € Ce,dl}, 0<y<1,
with norm
= —_ 1-y
lefle, e ] = max QW) = W)™ gGol
or

lglls = max |(6() = W(e)'™ g(r)]e WO, 6 >0,
TE|[C,
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Definition 2.1

Let (c,d)(—o0 =c<d<e0) be a finite or infinite interval of the real line R,and
let o>0. In addition, let P (x) be an increasing and positive emonotone function
on(c,d] having a continuous derivative {’(x) on (c,d). The lef t-and right-sided
fractional integrals of a function g with respect to a function ¥ on [cd]
aredefinedby

o 1 X , a—1
154500 = 1o f VW - w©) g

. 1 d a-1
15400 = s f W@ - 00)* g dt

Respectively; here T is the gamma function.
Definition 2.2

Let n—1<a<n with n€N, and let f,y € C"[c,d] be two functions such
that  is increasing and ' (x) # 0 for all x € [c, d]. The left-side Y-Hilfer fractional

derivative H]D?;B'w(. )of a function g of order a and type 0 < 3 < 1 is defined by

HD?;B;ng(X) IB(n OK)IIJ( )n (1 BY(m—o);p g(X).

W' (%) dx
The right-sided yr —Hilfer fractional derivative is defined in an analogous way.
Theorem 2.3

Ifg € Clc,d],0<c<1,and 0 < B <1, then

. . Y-1
I(CX;IIJHDS;B'wg(X) — g(X) ((w(X)F(T(gC)) I((j' B)(n—o); Lljg(C)

Let I = [c,d]. For f € C(I X R?,R) and € > 0, we consider the equations

H]Dg‘f‘wx(r) = f(r,x(r),x(g(r))), t € (0,d], 2)
Ior " x(0%) = xo, 3)
X(T) = (P(T)' TE [—h, O], (4)

and the inequality

MDY () — (7 x(0), x(g(M)) <l eEa (WD) — w(0)" T € (0,d], (5)

where E is the Mittag — Leffler function [2] defined by
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o .
Ea(X) = ;m , X € (C,m(()() > 0. (6)

Motivated by [23, Lemma 2.4], we introduce the following concept.
Definition 2.5

Equation (2) is Ulam-Hyers-Mittag-Leffler stable with respect to
E«((P(t ) - P(0))*) if there exists cEx> o such that, for each € > o

and each solution yeC([-h,d],R)to(s),there exists a solution x€C([-
h,d],R) to (2) with

y(@) — x(0)| < cEaeEe(W(2) — ()", T €[—hd]
Remark 2.6

A function X€C([-h,d],R) is a solution of inequality (5) if and

only if there exists a function h€C([-h,d],R)(which depends on x)
such that

(i) [R(@D)] < eEo (W) — (00 7 € [~h,d],
(ii)HDZ’f‘wx(T) =f (T,x(f),x(g(f))) + h(7), T € (0,d]
Definition 2.7

Let (Y,p) be a metric space. Now T:Y = Y is a Picard operator
if there exists

y* € Y such that
(i) Fr = y* where Fr = {y € Y: T(y) = y} is the fixed point set of T;

(ii) the sequence (T™(y())nen converges to y* forall y, € Y.

Lemma 2.8

Let (Y, p, <) be an ordered metric space, and let T: Y - Y be an
increasing Picard operator with Fp ={yr}. Then y €Y, y <T(y)
implies y < y7..

From Theorems 2.3 and 2.4 we have the following:
Lemma 2.9

Let f:IXRXR — R be a continuous function. Then (2) is
equivalent to
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(@G -0y L,
x(7) = o X + %fo W' (s)(Y(r) —

P()f (s,x(),x(g(s))) ds. (7)
Remark 2.10

Let y € C(I,R) bea solution of inequality (5). Then y is a
solution of the following integral inequality:

(W (x) —(0)r~?
r(y) Yo

1 ‘ a—1
_ mfo OIVIGERIO) N (S.y(S),y(g(s))) ds

‘y(r) -

<@ fo W@ — () Ea(1(s) — w()%) ds

e w150 ($(s) = (@)
_mfo P ()W) —P(s)) ;Z:o I'(ka+1) @

£ N 1 ‘ a-1 ka
@ ; I(ka + 1) fo W@ —9()" (W) — ()" dy(s)

N 1 P(@)—(0)
- F(ga) Z I'(ka + 1)[ W () —P(0) —w)* uk* du
k=0 0

(Iet u = y(s) —(0))

e v 1
T@ kZOr(ka O

oy (PO-B(O) °
o) [ (e

a—1
) uke qu

= £ N 1 (k+Da 1 «
- F(a);)F(ka+ 5 W@ —1(0) ]Ov" dv

(trv = s =3@)

_ ¢ N 1 k+va I'(ka + 1) (a)
- F<“>;)F(ka +1) (@ - () r'((k+Da+1)
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o (¥(@ —p(©0)™
- Sz 'na+1)
= eEq (Y(1) — 9(0))") .

Lemma 2.11

Let « > 0, and let € C*((0,d],R) be a function such that 1 is
increasing and y'(t) # 0 for all t € (0,d]. Suppose that d >0,z is a
nonnegative function locally integrable on (o, d], and w is nonegative
integrable on (o, d] with

w(t) < z(7) + kf 1/)’(5)(1/)(1) - t,l)(s))a_1 w(s) ds, T € (0,d].
0

Then

[k a-1

w2+ [ Z Ly W@ -$©)* 2s) s,
TE(O,d].

Remark 2.12

Under the hypotheses of Lemma 2.11, let z be a non decreasing
function on (o, d]. Then we have

w(t) < z(DE (k') [y () — ¢ (0)]%),T € (0,d],
Where E,, is the Mittag - Leffler function defined by (6) .
3. Main results

In this section, we establish the existence, uniqueness, and
Ulam-Hyers-Leffler stability.

We impose the following conditions.
(H) feCUxR%,R),geCU[-hd]),g(®r)<t,h>0.

(H3) There exists Ly > 0 such that

@) = f@ o, vl S Ly Y lug= vl for allt € Lug v
eER, i=1,2.

(H3) We have the inequality

2L, T () (P (D)= (0)*
r'(y+a)

<1.
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Theorem 3.1
Assume that (H;), (H,), and (H3) are satisfied. Then
(i) (2) - (4) has a unique solution in C[—h,d] N C;_,y[c,d].

(ii) (2) is Ulam - Hyers - Mittag - Leffler stable.

Proof

From Lemma 2.9 we get that (2) - (4) is equivalent to the
following system:

00, 7€ [~h,0],
y = OO,
(8)
r() WO - $6) 7 (536 9(9()) ds, 7€ (©,d]

The existence of a solution for (8) can be turned into a fixed point
problem in X := C[—h, d] for the operator Ty defined by

(P(T): TE [_hr 0]:

_ | @@=y

(9)
| VOO = v 7 (sy65() ds e ©.al

Note that for any continuous function f, T is also continuous. Indeed,

|T; (o) () = T (%) (70)|
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@ - w)
B I () Yo

++mf W' ()W

= ) f (s7().7(9())) ds

() = @)
I Yo

LI L RTeTes
F(a)o Y'(s)(Y(To

— () f (5.7 ¥(g9(s))) ds

-0

as T Tgp-

Next, we show Ty defined in (9) is a contraction mapping on
X :=C[—h,d] with respect to |. IICl_y;w [0,d]. Consider T;:X — X
defined in (9). For T € [—h, 0], we have

T, () (@) =T, ()| =0, x,y € C([—h 0], R).

For all T € (0,d], we have

T () (@) = T () (D)

1 (T i
<= jo PO = $E) ™ (556 5(9(2)
- f(s.y(s).y(g(S))| ds

<75 [ YO @ - ve) @)
— (@) (W) — $(0) " TIx(s)
- (&) + 1x(g(s) = y(g(s))I1} ds
j P @ - $©) 7 @6 - )
x [max |(w(s) = $(0)) " x(s) ~ y(s)|
+ max |(¢(s) - ¥(©) " x(g(s) —y(g(sN|l ds

sel0,d]

=T
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2L 4 e
= gy 1= Yy y 10,01 | 6 (b0) = $(6) " @)
— %(0)) " ds

_ 2@ = p@)" T reHr@)
- I(a) Iy +a

”x - y“Cl_y;u)[Ol d] )

Which implies that
7o =10l (0.l

2Lfr(y)(zp(d) — (0))”
I'a+vy)

Ix = yle,_,,,[0.d].

Thus Ty is a contraction (via the norm ||. ||Cl_y;¢ [0,d]on X ). Now

apply the Banach contraction principle to establish (i).

Now we prove (ii). Let y € C[—h,0] N C;_,,4;,[0,d] be a solution
to (2). We denote by x € C[—h,0] N C;_,,,,[0, d] the unique solution to

problem (1). Now (1), TE
[_hr 0]

(@) — p(0)

x(1) = o) Yo

e j YW@ - ¥©) 7 (536, 9(9() ) ds, 7€ (0,d].

From Remark 2.10 we have

— 0 -1
y(1) — ViQ) F(l)/:)( ) Vo
T )f YO - w&)f (576 7(9()) ds
< eEq.((¥ (1)
—(0)*%) (10)

for T € (0,d] and note that |y(t) — x(t)| = 0 for T € [—h, 0].
For all T € (0, d], it follows from (H,) and (10) that

ly(®) —x(7)|
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(@) — p(0)

<|y(@) - ¢)) Yo

“Ta )f P (@@ = ) f (590),¥(9(s))) ds

+‘mf OITORRTO) s (s,y<s>,y(g<s>))ds

<d%«¢@y—wmn)+r«er@x¢@y—¢@» "y (s) -
x()| + ly(g(s) - x(g(s))llds . (1)
Forall w € C([—h, d], R,), consider the operator
T;: C([-h,d],R}) » C([—h,d], Ry)
defined by
0, | T € [—h,0]

T, (w)(7) = eEa((w(r>—-¢40))“)
(f¢®@@—¢@)wwws

F( )
" [veoro
0
— I/J(s))a_lw(g(s)) ds), T € (0,d].

We prove that T; is a Picard operator. For all T € [0, d], it follows from
(H,) that

IT:(W)() = T1(2(2)]

_ 2T M@ — $(0)
- I'a+vy)

a+y-1

”W - Z”C]__y;lp[oi d]

for all w,z € C([—h,d], R). Then we obtain

Ty (W) —T1(Dllc,_ —y; ¢[0 d]

2LfF(V)(l/1(d) — 1/;(0))
I'a+vy)

- lecl_y;w[or d]

for all w,z € C([—h,d],R). Thus T, is a contraction (via the norm

” . ”C1—y;1p [O, d]on C([_h! d]' R))
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Applying the Banach contraction principle to T;, we see that T;
is a Picard operator and Fr, = w*. Then , for all 7 € [0, d], we have

w*(2)(= Tyw* (7))
= eE, (v () — w<o>)“)

+ ot ([ VOO = 9E) T w ) ds

" [V ©E@ - v6) v (96) ds).
Next, we show that the solution w* is increasing. Forall 0 <7, <7, <
d (letting m := Sg%gré] [w*(s) + w*(g(s)] € R,), we have
w*(12) —w*(1y)
= s[ma((w(rz) - P()") - Ea(op(rl) — P)H 1+
S [(w(rz) — 9 — (W) - ¢<s))“‘1] (w*(s) +
w*(g(s)) ds + L Tzl/J (W) — wis)* " (s) + w*(g(s)) ds)

I"(a)
> e[Eq((W(ry) — w<o>) ) = Ea((@(11) — $(0))) ]
+ s f YO - pe)”
—(wm)—w(s)) s

tr | Y OwE - ww)”

= e|E. (@ () - (o>)“) Eo(((zy) — 9(0))9) ]
[(W(r2) — ¥(s))" — (W) — ¥(s)H]

mL
F( +1)
>0.

Thus w* is increasing, so w*(g(7)) < w*(7) since g(7) < 7 and

w* (1) < sma((w(r) — (0)%)

e I RACICER O RO

Using Lemma 2.1 and Remark 2.12, we obtain
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w*(2) S eEo (@) — P(0))*) Ee (2L,@(@) - $(0)))  (xe[0,d])
< £E, (@) — $(0))") Eq (2L, (@) — $(0)))
= EqeEo () — (0))Y),

Where °E, = E, (2L, p(d) — $(0)) ).

In particular, if w = |y — x|, from (1), w < Tyw by Lemma 2.8
we obtain w < w*, where T; is an increasing Picard operator. As a
result, we get

Y@ = x| SEeebe (@ — $(®)),  7€[-hd],
And thus (2) is Ulam - Hyers - Mittag — Leffler stable.

Now we change (H3) to

(H,) We have the inequality

2L, ()Y @O~V () (d) — 1(0)°
'a+y)

<1, 6 > 0.

Theorem 3.2

Assume that (H,), (H,), and (H,) are satisfied. Then
(i) (2) - (4) has a unique solution in C[—h,d] N C;_,,,[0,d].
(ii) (2) is Ulam - Hyers - Mittag — Leffler stable.
Proof

As in Theorem 3.1, we need only prove that Tr defined as before
is a contraction on X (via the norml]||.||z). Since the process is
standard, we only give the main difference in the proof as follows: For
all T € (0,d], we have

T () (@) — T, () (0)]

<7 ) Y OB@ = v |7 (5.16)x(06))

~ f(5,7().y(g(s)| ds
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f W' () (W@ — () (1x(s) — y()]
+ [x(g(s) —y(g(s)I)

F()

J OIIGE 1/)(5)) (¢(S) — ¢(0))Y L 0(w(s)- ()

x {max(Y(s) — $(0)) e WO ¥O)(|x(s) - y(s)|
+[x(g(s) —y(g())P} ds

F()

2L T .
< e =l [ 96 (0@ = 9™ ()

— (0))" efW©)-v©) gg

lx — yllpef (b= v(®) f W' (s) (W@ — $() " (W(s)
— p()""

_1"()

ZLfF(a)ee(’l’(d) w(o))(¢(d) — P(0)atr-1
r(a+y)

llx = yllg -

Then

2L, T (2)e® P D= %) (y(d) — 1(0)%
Iy o -0l <=~ CED)

llx = ylls -

Thus T is a contraction (via the norm]|| . ||z on X) .
4. Examples

In this section, we give two examples illustrating our main

results.
Example 4.1

_ Consider the fractional - order system

N |

1x(1’1)

H2’ 1
D?, x(r) AT D) +3 arctan(x(r)), T € (0,1],

I;:y;et x(01)

= I, (12)

x(t) = 0,7 € [—h,0],

and the following inequality
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hD3 X0 — fE@y @y - 1) < £} ((e7 - %)
Let a= 1;, p = % Then y=a+p(1—a)=

e,g(.) =.-1,

S lw

d=19() =

f (.,x( D,9(x( ))) _ 10D %arctan(x( ), and L; = % . Thus,

T 41+4x2(-1)

2L () (Y (d) — P(0)*

=~ (0.8861 < 1.
I'a+vy)

Now all the assumptions in Theorem 3.1 are satisfied, so problem (12)
has a unique solution, and the first equation in (12) is Ulam - Hyers —
Mittag - Leffler stable with

ly(t) —x(7)| < CEEEE% ((eT - 1)%), T € [-1,1],

e—1
where cg, = IEE( > )
2 2

2

Example 4.2
Consider the fractional - order system
ool T 1 x3(@-2) |1 _.
]DO" X(T—2)=Em+551n(x(’l'—2)), TE(O,I],
17 x(0%)
= %o (13)

x(t) =0,7 € [-1,0],

and the inequality
H 5 F;TZ 2
D x(@) - fny@,yE—-1) < eE$ (rs).

Following Theorem 3.2, Let a = % , B = i.Then y=a+p(1—a)=

E.Let
2

1 1
d=1, ©6==, W(.)=2  L;==.Thus

3’ 5
L(V)e W) = O gre6 <1
I'(a+vy)

Now all the assumptions in Theorem 3.2 are satisfied, so problem (13)
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has a unique solution, and the first equation in (13) is Ulam - Hyers —
Mittag - Leffler stable with

ly(t) —x(0)| < lesml (Tg), Tte[-1,1],

3 3

where CE, = IE% (E)

3
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