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Abstract. Let An Outer sum labeling is a labeling of a graph G is an injective function
f : V (G) −→ Z+ With the property that each vertex v ∈ V (G) there exist a vertex w ∈ V (G)
Such that f(w) =

∑
u∈N(V ) f(u), N(v) = {x : vx ∈ V (G)} A graph G which admits an outer

sum labeling is called an outer sum graph. If G is not an outer sum graph then the minimum
of isolated vertices required to make G a outer sum graph, is called outer sum number of G
and is denoted by on(G). In this paper we determine outer sum number of wheels.
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1. INTRODUCTION

Lots of research work is been carried out in the labeling of graphs in past few work since
the first initiated by A.Rosa [1].A graph labeling is the assignment of labels,traditionally rep-
resented by integers,to the edges or vertices, or both,of a graph.[5] Formally given a graph
G = (V,E), a vertex labeling is a function of V to a set of labels. A graph with such a function
defined is called a vertex-labeled graph. Likewise, an edge labeling is a function of E to a
set of labels. In this case, the graph is called an edge-labeled graph. Due to development of
information technology and solving typical algorithms of coloring problems graph labeling is
extremely useful. For a large network of transmitters spread out in a planar region, the channel
assignment problem is to assign a numerical channel representing frequency, to each transmit-
ter. The channels assigned to nearby transmitters satisfy some separation constraints so as to
avoid interference. The goal is to minimize the portion of the frequency spectrum that must
be allocated to the problem, so that it is desire to minimize the span(the largest frequency) of
the feasible assignment.
We begin with simple, finite, connected, undirected and non-trivial graph G = (V,E), where V
is called the set of vertices and E is called the set of edges.For various graph theoretic notations
and terminology we follow Gross and Yellen [9]and for number theory we follow Burton[4]. We
will give brief summery of definitions which are useful for the present investigations.

Definition 1.1: If the vertices of the graph are assigned values, subject to certain condi-
tions is known as graph labeling. For detail survey on graph labeling one can refer Gallian [10].
Vast amount of literature is available on different types of graph labeling and more than 1000
research papers have been published so far in last four decades.Most interesting labeling prob-
lems have three important ingredients.
(i) a set of numbers from which vertex labels are chosen.
(ii) a rule that assigns a value to each edge.
(iii)a condition that these values must satisfy.

Definition 1.2:The helm graph Hn is the graph obtained from a wheel Wn = Cn + K1 by
attaching a pendant edge at each vertex of Cn.
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2 OUTER SUM LABELLING OF WHEEL

Definition 1.3:A chord of a cycle Cn is an edge joining two non-adjacent vertices of cycle
Cn.

2. SUM GRAPHS

A sum labeling λ of a graph is a mapping of the vertices of G into distinct positive integers
such that for u, v ∈ V (G), uv ∈ E(G) if and only if λ(u) + λ(v) = λ(w) for some vertex w
of G. A graph which admits a sum labeling is called a sum graph.Sum graph were originally
proposed by F. Harary [6] and later he extended to include all integers in [7].

Sum graphs cannot be connected graphs since an edge from the vertex with the largest label
would necessitate a vertex with a larger label. Graphs which are not sum graphs can be made
to support a sum labeling by considering the graph in conjunction with a number of isolated
vertices which can bear the labels required by the graph. The fewest number of the additional
isolates required by the graph support to sum labeling is called the sum number of the graph,
it is denoted by σ(G) .

The length of a shortest path between two vertices u and v in a graph G is called the distance
between u and v and is denoted by d(u, v).

3. OUTER SUM GRAPHS

An outer sum labeling f of a non-trivial graph is a mapping of the vertices of G into distinct
positive integers such that for each vertex v ∈ V (G), there exists a vertex w ∈ V (G) with
f(w) =

∑
u∈N(v) f(u), where N(v) = x : vx ∈ E(G). A graph G which admits an outer sum

labeling is called an outer sum graph.If G is not an outer sum graph, then by adding certain
number of isolated vertices to G,we can make the resultant graph an outer sum graph.The
minimum of such isolated vertices required for a graph G, to make the resultant graph an outer
sum graph, is called the outer sum number of G and is denoted by on(G). Outer sum graph
were originally proposed by B. Sooryanarayana, Manjula K and Vishu Kumar M [3].

4. Known results

Remark. A graph is an outer sum graph iff its outer sum number is zero.

Remark. For any graph G on n vertices with at most (n - 2) pendant vertices, we see that
there are at least two non terminal vertices u and v that are adjacent in G.

Theorem 1. A connected graph G is an outer sum graph if and only if G ≡ K1,n.

Theorem 2. For any integer n ≥ 3, on(Cn) =

{
1 if n = 4
2 otherwise

Theorem 3. Outer sum number of every unicyclic graph containing at least one pendant vertex
is 1.

Theorem 4. For any tree T on n vertices, on(T ) =

{
0 ifT isastar
1 otherwise

Corollary 4.1. For any connected graph G(V,E), On(G) ≤ 2(|E| − |V |) + 3

Theorem 5. For any positive integer n, the outer sum number of a complete graph Kn is

on(Kn) =

{
0 if n ≤ 2

n− 1 otherwise
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OUTER SUM LABELLING OF WHEEL 3

Theorem 6. For any positive integers m1 ≤ m2, .... ≤ mk the outer sum number of a complete
k-partite graph Km1,m2,m3,....mk

is given by

on(m1,m2,m3, ....mk) =

 0, if m1 = 1 and k = 2
1, if mi 6= 1 forall i ≥ 2
i, if mi = 1 mi+ 1 > 1, for any i 1 < i < k

Theorem 7. For any integer n ≥ 1, on(K1,n + k1) = 2.

Theorem 8. For any positive integer n, on(Pn +K1) =

 0, if n = 1
1, if n = 3
2, otherwise

Theorem 9. For a given integer n ≥ 2, on(P n−2
n ) =


1, if n = 2
2, if n = 3
1, if n = 4

n− 2, if n ≥ 5

5. OUTER SUM GRAPHS OF A WHEELS

In this section we define an outer sum labeling and compute the outer sum number of wheels.
An outer sum labeling of a graph G is a labeling on G with, for each vertex v ∈ V (G) there
exists a vertex w ∈ V (G) such that f(w) =

∑
u∈N(v) f(u), where N(v) = x : vx ∈ E(G). A

graph G which contains an outer sum labeling is called an outer sum graph. If G is not an
outer sum graph, then by adding a certain number of isolated vertices in G we can make the
resultant graph an outer sum graph. A minimum number of isolated vertices required to make
an outer sum graph, is called the outer sum number and is denoted by on(G) .That is the outer
sum number of G is the minimum nonnegative integer n such that G ∪ Kn is an outer sum
graph.”

Theorem 10. For any positive integer n ≥ 12, on(W1,n) = 3 .

Proof. The case n=2,3,4,5,6,7,8,9,10,11 follows by figures �

v1v2 v0

     W1,2

1

x
 23

v1

v2

4

5

 

(a) on(W1,2) = 2

v1

v2

v3

v0

     W1,3

1

x

 2

3

6

v1

v2

v3

9

10

11

 

(b) on(W1,3) = 3

v1

v2

v3

v4

v0

     W1,4

1

x  2

 6

3

4

v1

v2

11

15

 

(c) on(W1,4) = 2

v1

v2

v3

v4

v5

v0

     W1,5

1

x

 2

 10

3

17

6

v1

v2

v3

28

20

38

 

(d) on(W1,5) = 3
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(e) on(W1,6) = 3
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(f) on(W1,7) = 3
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(j) on(W1,11) = 3

Figure 1. Outersum number of Wheels with n < 12 vertices

By theorem 8[3], on(Pn + K1) ≥ 2 for n ≥ 4, hence on(W1,n) ≥ 2. Also
∑
f(v0) in w1,n

cannot be assigned to any vi, 1 ≤ i ≤ n. Hence one more isolated vertex required to assign∑
f(v0).

Hence on(W1,n) ≥ 3.

To prove the reverse inequality we define a labeling f as follows:
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OUTER SUM LABELLING OF WHEEL 5

Case 1 : When n = 12, 20, 28, 36, 44, ...........

• Define f(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......n/4

Define f(v2i) = f(v2i−4) + f(v2i−2) + 1
• Define f(vn−2/2) = f(vn/2) + 1
• Define f(vn−6/2) = f(vn−4/2) + f(vn/2) + 1
• For i = 2, 3, 4.........(n− 4)/4

Define f(Vn/2−(2i+1)) = f(vn/2−(2i+1)+2) + f(vn/2−(2i+1)+4) + 1
• For i = 1, 2, 3, .........n− 12/4

Define f(Vn/2+(2i−1)) = f(vn/2−2i) + (−1)i

• For i = 1, 2, 3, .........n− 4/4
Define f(Vn/2+2i) = f(vn/2−(2i+1))− (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(vn−1) + 1
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Figure 2. on(W1,12) = 3

case1 : W1,92

 5508946654

v89

v90

v88

v87

v86

v85

v84

v91

v92

v83

v1

v2

v3

v4

v5

v6

v7

v8

v9

v10

v11

v12

v13

v14

v0
1

x

v1
8913662931

1.442260958x1010

sum of f(x)

8913662929

8913662928

2

3404716274

5

21042
30379

8

1300
4858

94
14

803
744

48423

496
741

40938

30
70

03
07

4

 6
2

13

1300485895

9

2104230378

4

3404716275

3

5508946653

v82

v81

v80

v79

803744483
24

496741410
v78

v77
v76

v75

37

307003073

63189738335

100

v74v73v72v71

265

72473595

16 5

117264738

v70v69
v68

v67
v66

44791143

432

697 27682450

v65

v64

v63

v62

v61

1131 17108693

10573755
1829

6534938

v60

v59

v58

v57

v56

v55

v54

v53

v52

v51

v50

v49

v48

v47

v46

v45

v44

v43

v42

v41

v40

v39

v38

v37

v36

v35

v34

v33

v32

v31
v30

v29
v28 v27 v26 v25 v24 v23 v22 v21 v20

v19
v18

v17

v16

v15

18
97

38
33

4

 10
1117

26
47

39

 16
4

34
47

91
14

4

26
6

72
47

35
94

43
1

27
68

24
49

69
8

31
71

08
69

4

11
30

10
57

37
54

18
29

65
34

93
9

29
60

40
38

81
4

47
90

24
96

12
4

77
51

154
26

89
125

42

953
434

202
94

589
254

328
37

3641
79

53132

2250
74

85970

139104

139103

85969

225075

53133

364178

32836

589255

20295
953433

12541
1542690

7752
2496123 4789

4038815

2961

v2

v3

Figure 3. on(W1,92) = 3
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6 OUTER SUM LABELLING OF WHEEL

Case 2 : When n = 13, 21, 29, 37, 45, ...........

• Definef(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......(n− 1)/4

Define f(v2i) = f(v2i−4) + f(v2i−2) + 1
• Define f(v(n−3)/2) = f(v(n−5)/2) + f(v(n−1)/2) + 1
• Define f(v(n+1)/2) = f(v(n−3)/2)− 1
• For i = 1, 2, 3, 4.........(n− 5)/4

Define f(V(n−1)/2−(2i+1)) = f(v(n−1)/2−(2i−1)) + f(v(n−1)/2−(2i−3)) + 1
• For i = 1, 2, 3, 4.........(n− 13)/4

Define f(V(n−1)/2+2i) = f(v(n−1)/2−2i) + (−1)i

• For i = 1, 2, 3, 4.........(n− 5)/4
Define f(V(n−1)/2−(2i+1)) = f(v(n−1)/2−(2i+1))− (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(vn−1) + 1
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Figure 4. on(W1,13) = 3

Figure 5. on(W1,101) = 3
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OUTER SUM LABELLING OF WHEEL 7

Case 3 : When n = 14, 22, 30, 38, 46, ...........

• Define f(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......(n− 6)/4

Define f(v2i) = f(v2i−4) + f(v2i−2) + 1
• Define f(v(n−2)/2) = f(v(n−6)/2) + f(v(n−10)/2) + 2
• Define f(vn/2) = f(v(n−6)/2) + f(v(n−10)/2) + 1
• Define f(v(n−4)/2) = f(v(n−6)/2) + f(v(n−2)/2) + 1
• Define f(v(n−8)/2) = f(v(n−4)/2) + f(vn/2)
• For i = 2, 3, 4......(n− 6)/4

Define f(V(n−2)/2−(2i+1)) = f(v(n−2)/2−(2i−1)) + f(v(n−2)/2−(2i−3)) + 1
• Define f(v(n+2)/2) = f(v(n−4)/2)− 2
• For i = 1, 2, 3, 4.........(n− 6)/4

Define f(Vn/2+(2i+1)) = f(vn/2−(2i+2))− (−1)i

• For i = 1, 2, 3, .........(n− 14)/4
Define f(Vn/2+2i) = f(vn/2−(2i+1)) + (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(vn−1) + 1
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Figure 6. on(W1,14) = 3

Figure 7. on(W1,86) = 3
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8 OUTER SUM LABELLING OF WHEEL

Case 4 : When n = 15, 23, 31, 39, 47, ...........

• Define f(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......(n− 3)/4

Define f(v2i) = f(v2i−4) + f(v2i−2) + 1
• Define f(v(n−1)/2) = f(v(n−3)/2) + f(v(n−7)/2) + 1
• Define f(v(n+1)/2) = f(v(n−3)/2) + 1
• Define f(v(n−5)/2) = f(v(n−3)/2) + f(v(n+1)/2) + 2
• For i = 1, 2, 3, 4......(n− 7)/4

Define f(V(n−3)/2−(2i+1)) = f(v(n−3)/2−(2i−1)) + f(v(n−3)/2−(2i−3)) + [1 + (−1)i]/2
• For i = 1, 2, 3, .........(n− 3)/4

Define f(V(n−1)/2+2i) = f(v(n−1)/2−2i) + (−1)i

• For i = 1, 2, 3, 4......(n− 7)/8
Define f(V(n−1)/2+(2i+1)) = f(v(n−1)/2−(2i+1)) + (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(vn−1) + 1
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Figure 8. on(W1,15) = 3

case4 : W1,55

1279540v54
v0

1

x

1279544

2070340

sum of f(x)

3

186685

302056

488742

13

11537124

3744058

272
54

63

100

165

10449

265

168
05

104
48

266

4092

698

2263

1130

1829

1131

697

4093

432

6355

9

4

790798

v55

v1

v2

v3

v4

v5

v6

v7

v8
v9

v10v11v12v13v14v15

v16

v17

v18

v19

v20

v23

v24

v25

v26

v27

v28

v29

v30

v31

v32

v33

v34
v35 v36 v37

16804

v38 v39 v40 v41 71313

v42
v43

v44
v45

v46

v47

v48

v49

v50

v51

v52

v53

v22

v21

431

635
6

44
05

9

62

1279541

790799

2

488
741

5

30
20

57

8

18
66

84

14

11
53

722371
31

2

38

27
25

3

10
1

16
4

2262

v1

v2

v3

 

Figure 9. on(W1,55) = 3
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OUTER SUM LABELLING OF WHEEL 9

Case 5 : When n = 16, 24, 32, 40, 48, ...........

• Define f(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......(n− 4)/4

Define f(V2i) = f(v2i−4) + f(v2i−2) + 1 + [1 + (−1)i]/2
• Define f(v(n−2)/2) = f(v(n−8)/2) + f(v(n−4)/2) + 1
• Define f(vn/2) = f(v(n−2)/2) + 1
• For i = 1, 2, 3, 4, 5......(n− 8)/4

Define f(Vn/2+2i) = f(vn/2+(2i−4)) + f(vn/2+(2i−2)) + 1 + [1 + (−1)i]/2
• Define f(vn−2) = f(vn−4) + f(vn−6)
• For i = 1, 2, 3, 4.........(n− 12)/4

Define f(Vn/2+(2i−1)) = f(vn/2−2i)− (−1)i

• For i = 1, 2, 3, 4......(n− 4)/4
Define f(Vn/2−(2i+1)) = f(vn/2+2i)− (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(vn−1) + 1
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Figure 10. on(W1,16) = 3

case5 : W1,72

48305768

v70

v71

v69

v68

v67

v72

v66

v1

v2

v3

v4

v5

v6

v7

v8

v9

v10

v11

v0
1

x

78160377

1.26466143

sum of f(x)

78160375

2

29854606

5

1845
1161

8

114
034

44
15

704
77

15
24

 4
35

57
28

18451160

4

3

78160374

v65

v64

v63

9

1140344514v62

v61

v60v59

7047714

25

4355729

40

v58v57v56

1663739

67 2691986

v55
v54

v53

108

177 1028246

v52

v51

v50

v49

635491

288

392754
465

v48

v47

v46

v45

v44

v43

v42

v41

v40

v39

v38

v37

v36

v35

v34

v33

v32

v31

v30

v29

v28

v27

v26

v25

v24
v23

v22 v21 v20 v19 v18 v17 v16

v15

v14

v13

v12

41

26
91

98
766

10
9

16
63

73
8

10
2 8

24
7

17
663

54
90

28
7

39
27

55

46
4

24
27

34

75
3

15
00

19
12

18

92
71
4

197
3

573
03

319
2

354
10

516
7

21891

8360

13528

13529

8361

21890

5166

35411

3193

57302

1972

92715

1219

150018
752

242735

48305767

29854607

v1

v2

v3

Figure 11. on(W1,72) = 3
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10 OUTER SUM LABELLING OF WHEEL

Case 6 : When n = 17, 25, 33, 41, 49, ...........

• Define f(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......(n− 1)/4

Define f(V2i) = f(v2i−4) + f(v2i−2) + 1
• Define f(v(n−3)/2) = f(v(n−1)/2) + f(v(n−5)/2) + 1
• Define f(v(n+1)/2) = f(v(n−3)/2) + 1
• For i = 1, 2, 3, 4......(n− 5)/4

Define f(V(n−1)/2−(2i+1)) = f(v(n−1)/2−(2i−1)) + f(v(n−1)/2−(2i−3)) + 1
• For i = 1, 2, 3, 4......(n− 13)/4

Define f(V(n−1)/2+2i) = f(v(n−1)/2−2i)− (−1)i

• For i = 1, 2, 3, 4......(n− 5)/4
Define f(V(n−1)/2+(2i+1)) = f(v(n−1)/2−(2i+1)) + (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(vn−1) + 1
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Figure 12. on(W1,17) = 3

Figure 13. on(W1,65) = 3
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Case 7 : When n = 18, 26, 34, 42, 50, ...........

• Define f(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......(n− 2)/4

Define f(V2i) = f(v2i−4) + f(v2i−2) + 1
• Define f(vn/2) = f(v(n−2)/2) + 1
• Define f(v(n−4)/2) = f(v(n−6)/2) + f(v(n−2)/2) + 1
• Define f(v(n−8)/2) = f(v(n−4)/2) + f(vn/2) + 2
• For i = 2, 3, 4......(n− 6)/4

Define f(V(n−2)/2−(2i+1)) = f(v(n−2)/2−(2i−1)) + f(v(n−2)/2−(2i−3)) + 1
• For i = 1, 2, 3, 4......(n− 2)/4

Define f(Vn/2+(2i−1)) = f(vn/2−2i)− (−1)i

• For i = 1, 2, 3, 4......(n− 14)/4
Define f(Vn/2+2i) = f(vn/2−(2i+1))− (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(v1) + f(v3) + 1
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Figure 14. on(W1,18) = 3

case7 : W1,66
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Figure 15. on(W1,66) = 3
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12 OUTER SUM LABELLING OF WHEEL

Case 8 : When n = 19, 27, 35, 43, 51, ...........

• Define f(v2) = 2, f(v4) = 5, f(vn−3) = 3, f(vn−5) = 4, f(x) = 1
• For i = 3, 4, 5......(n− 7)/4

Define f(V2i) = f(v2i−4) + f(v2i−2) + 1
• Define f(v(n−3)/2) = f(v(n−11)/2) + f(v(n−7)/2) + 1
• Define f(v(n−1)/2) = f(v(n−7)/2) + f(v(n−3)/2) + 1
• Define f(v(n+1)/2) = f(v(n−3)/2)− 1
• Define f(v(n−5)/2) = f(v(n−3)/2) + f(v(n+1)/2)
• For i = 1, 2, 3, 4, 5......(n− 7)/4

Define f(V(n−5)/2−2i) = f(v(n−5)/2−(2i−2)) + f(v(n−5)/2+(2i−4)) + 1 + [1− (−1)i]/2
• For i = 1, 2, 3, 4......(n− 3)/4

Define f(V(n−1)/2+2i) = f(v(n−1)/2−2i)− (−1)i

• For i = 1, 2, 3, 4......(n− 15)/4
Define f(V(n−1)/2+(2i+1)) = f(v(n−1)/2−(2i+1))− (−1)i

• Define f(vn−1) = f(v1) + f(v3)
f(vn) = f(vn−1) + 1
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Figure 16. on(W1,19) = 3
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Figure 17. on(W1,75) = 3

The function f defined in the above eight cases is clearly an injective function. Further, f is
an outer sum labeling of w1,n ∪ 3k1. Hence the proof.
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