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Abstract

Abstract In this paper we obtain the solutions of fuzzy Volterra-Fredholm
integral equation by using fuzzy differential transform method (FDTM). Nu-
merical examples are given at the end to show the capability and robustness of
the solved fuzzy Volterra- Fredholm integral equation.
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1 Introduction

The idea of fuzzy set was introduced by Lotfi Zadeh in 1960 as a means of
handling uncertainity that is due to imprecision or vagueness rather than to
randomness. Fuzzy sets were taken up with interests by engineers, computer-
scientists and operation researchers. While mathematicians have been involved
with the development of fuzzy sets from very begining, The topics of fuzzy inte-
gral equations which attracted growing interest for some time, in particular in
relation to fuzzy control, have been developed in recent years. Most mathemat-
ical models used in many problems of physics, biology, chemistry, engineering
and in other areas are based on integral equation. Especially, linear Volterra
integral equation of the second kind ([?], [?], [?], [?], [?]). Clearly, some pa-
rameters which is appeared in each models may be inherit some vagueness.
To do so, we should investigate mentioned problems under uncertainity which
are presented by fuzzy concepts. Abbasbandy et al. [?] proposed a numerical
algorithm for solving linear Fredholm integral equations of the second kind by
using parametric form of fuzzy number and converting a linear fuzzy Fredholm
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integral equation to two linear system of integral equations of the second kind
in the deterministic case.

Babolian et al.[?] proposed another numerical procedure for solving fuzzy
linear Fredholm integral of the second kind using Adomain method. Moreover,
Friedman et al. [?] have been proposed embedding method to solve fuzzy
Volterra and Fredholm integral equations. Recently, Molabahrami et al.[?]
have used the parametric form of a fuzzy number and they converted a linear
fuzzy Fredholm integral equation to two linear system of integral equations of
the second kind in the crisp case. Then,homotopy analysis method has been
applied to approximate solutions of the obtained system. Also, Attari et al.[?]
have used homotopy perturbation method for solving fuzzy Volterra-Fredholm
integral equations of the second kind. Moreover, there are several research
papers about obtaining the numerical integration of fuzzy-valued functions and
solving fuzzy Volterra and Fredholm integral equations([?], [?], [?], [?], [?], [?],
[?]).

2 Preliminaries

An arbitrary fuzzy number with an ordered pair functions (u(r), u(r)),
0 ≤ r ≤ 1, which satisfy the following requirements is represented.

Definition 2.1. [?] A fuzzy number u in parametric form is a pair (u, u) of
functions (u(r), u(r)), 0 ≤ r ≤ 1 which statisfy the following requirements:

1. u(r) is a bounded non-decreasing left continuous function in (0, 1], and
right continuous at 0.

2. u(r) is a bounded non-increasing left continuous function in (0, 1], and
right continuous at 0.

3. u(r) ≤ u(r), 0 ≤ r ≤ 1.

Let E be the set of all upper semi continuous normal convex fuzzy numbers
with bounded r-level intervals. It means that if v ∈ E then the r-level set

[v]r = {s/v(s) ≥ r}, 0 ≤ r ≤ 1,

is a closed bounded interval which is denoted by

[v]r = [v(r), v(r)].

For arbitrary u = (u, u), v = (v, v) and k ≥ 0 addition (u + v) and multi-
plication by k as (u+ v) = u(r) + v(r), (u+ v) = u(r) + v(r), (ku)(r) = ku(r),
(ku)(r) = ku(r), are defined.
Since each y ∈ R can be regarded as a fuzzy number y defined by

ỹ(t) =


1 if t = y,

0 if t 6= y.

The hausdroff distance between fuzzy numbers given by D : E x E → R+
⋃
{0},

D(u, v) = sup
r∈[0,1]

max {|u(r)− v(r)|, |u(r)− v(r)|}.
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It is easy to see that D is a metric in E and has the following properties (see
[20])
(i) D(u⊕ w, v ⊕ w) = D(u, v),∀u, v, w ∈ E,
(ii) D(k � u, k � u) = |k|D(u, v), ∀k ∈ R, u, v ∈ E,
(iii) D(u⊕ v, w ⊕ e) ≤ D(u,w) +D(v, e),∀u, v, w, e ∈ E,
(iv) D(u,E) is a complete metric space.

Definition 2.2. [?] Let f : R→ E be a fuzzy valued function. If for arbitrary
fixed t0 ∈ R and ε > 0, a δ > 0 such that

|t− t0| < δ ⇒ D (f(t), f(t0)) < ε,

f is said to be continuous.

Definition 2.3. [?] Let x, y ∈ E, if there exists z ∈ E such that x = y + z,
then z is called the H-difference of x and y and it is denoted by x	 y.

Definition 2.4. [?] Let f : (a, b) → E and x0 ∈ (a, b). We say that f is
differential at x0, if there exists an element f ′(x0) ∈ E, such that

1. for all h > 0 sufficiently near to 0, ∃f(x0 +h)	f(x0), ∃f(x0)	f(x0−h)
and the limits (in the metric D)

lim
h→0+

f(x0 + h)	 f(x0)

h
= lim

h→0+

f(x0)	 f(x0 − h)

h
= f ′(x0)

or

2. for all h < 0 sufficiently near to 0, ∃f(x0 + h)	 f(x0), ∃f(x0)	 f(x0h)
and the limits (in the metric D)

lim
h→0−

f(x0 + h)	 f(x0)

h
= lim

h→0−

f(x0)	 f(x0 − h)

h
= f

′
(x0).

In the special case when f is a fuzzy valued function, we have the following
result.

Theorem 2.1. [?] Let f : R → E be a function with r-cut representation
f(t; r) = [f(t; r), f(t; r)], for each r ∈ [0, 1]. Then, we have the following:

1. If f is differentiable in the first form (1) in Definition 1.4, then f(t; r)

and f(t; r) are differentiable and f ′(t; r) = [f ′(t; r), f
′
(t; r)].

2. If f is differentiable in the second form in Definition 1.4, then f(t; r) and

f(t; r) are differentiable functions and f ′(t; r) = [f
′
(t; r), f ′(t; r)].

Moreover, we can consider the second order of later type of H-differentiability
as following:

Theorem 2.2. [?] Let f : R→ E be a fuzzy-valued function with r − cut rep-
resentation f(t; r) = [f(t; r), f(t; r)], for each r ∈ [0, 1]. Then,
(A1) if f and f ′ are differentiable in the first form (1) or if f and f ′ are dif-
ferentiable in the second form (2) in Definition 1.4, then f(t; r) and f(t; r) are
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differentiable functions and f ′′(t; r) = [f ′′(t; r), f
′′
(t; r)].

(A2) if f is differentiable in the first form (1) and f ′ is differentiable in the
second form (2) or, if f is differentiable in the second form(2) and f ′ is dif-
ferentiable in the first form(1) in Definition 1.4, then f(t; r) and f(t; r) are

differentiable functions and f ′′(t; r) = [f
′′
(t; r), f ′′(t; r)].

3 Fuzzy Volterra-Fredholm Integral Equa-

tions

In this section we investigate the solution of linear fuzzy Volterra-Fredholm
integral equations.

Let u(x) be a fuzzy-valued function to be solved for, f(x) is given known
function k1(x, t) and k2(x, t) are known real-valued integral kernal. The gen-
eral fuzzy Volterra-Fredholm integral equation of second kind is fuzzy integral
equation of the form,

u(x) = f(x) +

∫ x

a
k1(x, t)� u(t)dt+

∫ b

a
k2(x, t)� u(t)dt (1)

where f(x) : R→ E and x ∈ [a, b] , b <∞.

Theorem 3.1. Let us consider the fuzzy valued function g ∈ E and f(x) =∫ x

x0

g1(t)dt +

∫ b

a
g2(t)dt, then F (k) = G(K−1)

K ,K ≥ 1, where F (K) and G(K)

are the differential transformation of f and g respectively.

Proof: Using the definition of FDTM, we get for 0 ≤ r ≤ 1;

f(x; r) =

∫ x

x0

g1(t; r)dt+

∫ b

a
g2(t; r)dt,

=

[∫ x

x0

g1(t; r) dt,

∫ x

x0

g1(t; r) dt

]
+

[∫ x

a
g2(t; r) dt,

∫ b

a
g2(t; r) dt

]
,

=

[∫ x

x0

∞∑
k=0

G1(k; r)(t− x0)kdt,
∫ x

x0

∞∑
k=0

G1(k; r)(t− x0)kdt

]

+

[∫ b

a

∞∑
k=0

G2(k; r)(t− a)kdt,

∫ b

a

∞∑
k=0

G2(k; r)(t− a)kdt

]
,

f(x; r) =

[ ∞∑
k=0

G1(k; r)

k + 1
(x− x0)k+1,

G1(k; r)

k + 1
(x− x0)k+1

]

+

[ ∞∑
k=0

G2(k; r)

k + 1
(b− a)k+1,

G2(k; r)

k + 1
(b− a)k+1

]
.
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Then, changing the index from k=0 to k=1, we deduce that,

f(x; r) =

[ ∞∑
k=1

G1(k − 1; r)

k
(x− x0)k,

G1(k − 1; r)

k
(x− x0)k

]

+

[ ∞∑
k=1

G2(k − 1; r)

k
(b− a)k,

G2(k − 1; r)

k
(b− a)k

]
,

f(x; r) =

∞∑
k=1

G1(k − 1; r)

k
(x− x0)k +

∞∑
k=1

G2(k − 1; r)

k
(b− a)k.

Finaly, using definition of FDTM, we obtain

F (x; r) =
G1(k − 1; r)

k
+
G2(k − 1; r)

k
, 0 ≤ r ≤ 1, k ≥ 1,

which completes the proof.

4 Numerical examples

In this section, we obtain solutions of linear fuzzy Volterra-Fredholm integral
equations using fuzzy differential transform method to show the utility of pro-
posed method.

Example 4.1. Let us consider the following fuzzy Volterra-Fredholm integral
equation:

u(x) = f(x) +

∫ x

0
(x− t)u(t)dt+

∫ 1

0
u(t)dt (2)

where f(x; r) = [3 + r, 8− 2r].

Based on Theorem 3.1 and using properties of FDTM, we have for 0 ≤ r ≤
1, k ≥ 1:

U(k; r) = (3 + r)δ(k) +
k−1∑
l=0

δ(l − 1)
U(k − l − 1; r)

k − l
−

k−1∑
l=0

δ(l − 1)
U(k − l − 1; r)

k

+
∞∑
k=1

U(k − 1; r)

k
,

and

U(k; r) = (8− 2r)δ(k) +

k−1∑
l=0

δ(l − 1)
U(k − l − 1; r)

k − l
−

k−1∑
l=0

δ(l − 1)
U(k − l − 1; r)

k

+

∞∑
k=1

U(k − 1; r)

k
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where U(0; r) = 3 + r and U(0; r) = 8− 2r, consequently, we obtain:

U(1; r) = 3 + r, U(1; r) = 8− 2r,

U(2; r) = 3 + r, U(2; r) = 8− 2r,

U(3; r) =
3 + r

3
, U(3; r) =

8− 2r

3
,

U(4; r) =
3 + r

4
, U(4; r) =

8− 2r

4
,

U(5; r) =
3 + r

40
, U(5; r) =

8− 2r

40
,

U(6; r) =
3 + r

180
, U(6; r) =

8− 2r

180
,

U(7; r) =
3 + r

1260
, U(7; r) =

8− 2r

1260
,

U(8; r) =
3 + r

8064
, U(8; r) =

8− 2r

8064
,

...

The r-cut representation of solution (2), is

u(x; r) = [3+r, 8−2r]� [1+x+x2 +
x3

3
+
x4

4
+
x5

40
+
x6

180
+

x7

1260
+

x8

8064
+ · · · ].

Which is the solution of the fuzzy Volterra-Fredholm integral equation (2).
Moreover, we plot the obtained solution see Fig.4.1 based on 0-cuts and 1-cuts.

Numerical values for Example 4.1 are shown below:

X U(x; r) U(x; r)

0 3 8
0.1 3.3310 8.8828
0.2 3.7286 9.9430
0.3 4.2002 11.200
0.4 4.7544 12.6783
0.5 5.4008 14.4021
0.6 6.1504 16.4012
0.7 7.0156 18.7084
0.8 8.0102 21.3605
0.9 9.1493 24.3982
1 10.4500 27.8667

Example 4.2. Let us consider the following fuzzy volterra-fredholm integral
equation:

u(x) = f(x) +

∫ x

0
xu(t)dt+

∫ 1

0
u(t)dt, (3)

where f(x, r) = [1− 2r, 2r].
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Figure 1: Solution of Example 4.1

Based on Theorem 3.1 and using properties of FDTM, we have 0 ≤ r ≤ 1,
k ≥ 1;

U(k; r) = (1− 2r)δ(k − 2) +

k−1∑
l=0

δ(l − 1)
U(k − l − 1; r)

k
+

∞∑
k=1

U(k − 1; r)

k
,

and

U(k; r) = (2r)δ(k − 2) +

k−1∑
l=0

δ(l − 1)
U(k − l − 1; r)

k
+

∞∑
k=1

U(k − 1; r)

k
,

where U(0; r) = 1− 2r, and U(0; r) = 2r, consequently, we obtain:

U(1; r) = 1− 2r, U(1; r) = 2r,

U(2; r) = 2(1− 2r), U(2; r) = 2(2r),

U(3; r) =
2

3
(1− 2r), U(3; r) =

2

3
(2r),

U(4; r) =
5

6
(1− 2r), U(4; r) =

5

6
(2r),

...

Based on fact that the r − cut representation of solution (3) is

u(x; r) = [1− 2r, 2r]� (1 + x+ 2x2 +
2

3
x3 +

5

6
x4 + · · · ),

which is the solution of the fuzzy volterra-fredholm integral equation (3)
Moreover, we plot the obtained solution (see Fig.4.2) based on the 0-cuts and
1-cuts.
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Figure 2: Solution of Example 4.2

Numerical values for Example 4.2 are shown below:

X U(x; r) U(x; r)

0 1 0
0.1 1.1028 0
0.2 1.2867 0
0.3 1.5048 0
0.4 1.7840 0
0.5 2.1354 0
0.6 2.5720 0
0.7 3.1087 0
0.8 3.7627 0
0.9 4.5528 0
1 5.500 0

5 Conclusion

Differential transform method is different from the traditional higher order Tay-
lor series method, which requires symbolic computation of necessary derivatives
of the data function and is computationally expensive for higher order. In this
paper we used fuzzy differential transform method for solving fuzzy Volterra-
Fredhom integral equations. Some examples were solved by using fuzzy differ-
ential transform method and the results have shown remarkable performances
when compared with the exact solutions.
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