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Abstract
Let G = (V, E) be a simple connected and undirected graph. The shadow distance graph of G, de-
noted by Dgq(G, Ds) is constructed from G with the following conditions:

i) consider two copies of G say G itself and G’

11

)
ii) if u € V(G) (first copy) then we denote the corresponding vertex as u' € V(G') (second copy)
) the vertex set of Dyq(G, Dy) is V(G)UV(G)

)

iv) the edge set of Dyy(G, Ds) is E(G) U E(G’) U E4s where Ey, is the set of all edges between two
distinct vertices u € V(G) and v € V(G') that satisfy the condition d(u,v) € D in G.

The image graph of a connected graph G, denoted by I;,q(G) is the graph obtained by joining the
vertices of the original graph G to the corresponding vertices of a copy of GG. In this paper, we de-
termine the edge domination number of shadow distance graph of the image path graph, the image
cycle graph and the image sunlet graph with specified distance set.
Key Words: Dominating set, Minimal edge dominating set, Minimal Domination number,
Shadow distance graph, Image graph.

AMS Subject Classification: 05C69.

1. INTRODUCTION

By a graph G = (V, F)) we mean a finite undirected graph without loops and multiple edges.

A subset D of V is called a dominating set of G if every vertex not in D is adjacent to some
1
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2 EDGE DOMINATION IN SOME IMAGE GRAPHS

vertex in D. The domination number of G denoted by (&) is the minimal cardinality taken
over all dominating sets of G. A vertex v in a graph GG dominates the vertices in its closed
neighbourhood N [v], that is, v is said to dominating itself and each of its neighbours.

A subset I of FE is called an edge dominating set if each edge in F is either in F' or is adja-
cent to an edge in F'. An edge dominating set I is called minimal if no proper subset of F
is an edge dominating set. The edge domination number of G' denoted by 7' (G) is the mini-
mum cardinality taken over all edge dominating sets of G.

The concept of edge domination in graphs was introduced by Mitchell and Hedetniemi [5].
Arumugam and Velammal[6] have characterized connected graphs for which 7' (G) = ng
and in [7], Armugam and Jerry have studied edge domination and fractional edge domination
in graphs. In [5], Vaidya and Pandit have discussed edge domination in some path and cycle
related graphs and have determined the edge domination number for shadow graphs, middle
graph, and total graphs of paths and cycles.

The open neighbourhood of an edge e € E denoted by N(e) is the set of all edges adja-

cent to e in G. If e = (u,v) is an edge in G, the degree of e denoted by deg(e) is defined as
deg(e) = deg(u)+deg(v) —2. The maximum degree of an edge in G is denoted by A'(G). The
shadow graph of GG, denoted by D(G) is the graph constructed from G by taking two copies
of G namely G itself and G’ and by joining each vertex u in G to the neighbors of the corre-
sponding vertex u in G'. Let D be the set of all distances between distinct pairs of vertices
in G and let D; (called the distance set) be a subset of D. The distance graph of G denoted
by D(G, Dy) is the graph having the same vertex set as that of G and two vertices u and v
are adjacent in D(G, D;) whenever d(u,v) € D;.

The shadow graph of G, denoted by Ds(G) is the graph constructed from G by taking two
copies of G, namely G itself and G and by joining each vertex u in G to the neighbors of the
corresponding vertex v’ in G .

Let D be the set of all distances between distinct pairs of vertices in G' and let D; (called the

distance set) be a subset of D. The distance graph of G denoted by D(G, D;) is the graph
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EDGE DOMINATION IN SOME IMAGE GRAPHS 3
having the same vertex set as that of G and two vertices u and v are adjacent in D(G, Dj)
whenever d(u,v) € D;.

The shadow distance graph [2] of G, denoted by D4 (G, D;) is constructed from G with the

following conditions:

Vi V2 V3 V4 Vs

! ] ' ] !

Vi V2 V'3 Va4 Vs

FIGURE 1. The graph Dy(Ps, {2})

i) consider two copies of G say G itself and G’

i) if u € V(G) (first copy) then we denote the corresponding vertex as u* € V(G') (second

copy)

iii) the vertex set of D (G, D,) is V(G)UV(G')

iv) the edge set of D(G, D,) is B(G) U E(G') U E4 where Ey, is the set of all edges (called
the shadow distance edges ) between two distinct vertices u € V(G) and v € V(G') that
satisfy the condition d(u,v) € D, in G.

The image graph of a connected graph G [I], denoted by I,,,(G), is the graph obtained by

joining the vertices of the original graph G to the corresponding vertices of copy of G.

We recall the following results related to the edge domination number of a graph.

Theorem 1.1. [§] An edge dominating set F' is minimal if and only if for each edge e € G,

one of the following two conditions holds:
i) Ne)NF =¢

ii) there exists an edge e € E — F such that N(e) N F' = {e}.
Theorem 1.2. [9] v'(C,,) = [2] forn > 3.

We begin our results with the edge domination number of the image graph of path graph and

cycle graph.
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V4 3 \% V3

F1GURE 2. The image graph of cycle graph Cy

Theorem 1.3. Forn > 2, v (I,y(P,)

I

|
w3
JR—|

Proof. Let G = I,,,4(P,). We consider the vertex set of G as V(G) = {vi,v;-}, where 7,7 =
1,2,3....n and the edge set of G as E(G) = {E1 U Ey U E3}, where F1= {ey,eq,€3,....p_1}
such that e; = (vs,vi1), where i = 1,2, ....n — 1, Ey= {¢}, €5, e, ..., _,} such that e, =
(v;, Vi) Where i = 1,2,....n — 1, E3 = (v;,v;), where i = 1,2,3...n.

For n = 2, the set F' = {e;, €} is a minimal edge dominating set with minimum cardinality

and hence 7' (G)= 2.

For n = 3, the set F' = {e}, e,} is a minimal edge dominating set with minimum cardinality
and hence 7' (G)= 2.

For n = 4, the set F' = {ey, e3, ey} is a minimal edge dominating set with minimum cardinal-
ity and hence v (G)= 3.

For n = 5, the set F = {e}, e3, ey, ¢,} is a minimal edge dominating set with minimum cardi-
nality and hence v'(G)= 4. For n = 6, the set F' = {e, e3, €y, €5} is a minimal edge dominat-
ing set with minimum cardinality and hence ' (G)= 4.

For n = 7, the set F' = {eq, ey, €g, 6/2, €l5} is a minimal edge dominating set with minimum
cardinality and hence v (G)= 5.

Let n > &.
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Vi el V2 V3 e3 V4 Vs
® ¢ ® ® 9
o o' , ° ® , o
'
Vi V2 €2 yh V4 C4 Vs

F1GURE 3. The image graph of path graph P

F1 U F2 n= 0, 2(m0d3)
Counsider the set F' =

F; n = 1(mod3)
where F1 = {631',2} s 1 S 7 S lrg—‘,
{e;’jfl} ufe, ,} n = 2(mod3) .
Fy = <S5 -1L 1<k <

€311 n = 0(mod3)
F3 = {{631'72} U {en,l} U {elgjil}}’ 1< Z,j < (g‘l _1

This set F' is a minimal edge dominating set with minimum cardinality since for any edge

and

w|3

e; € F, F — {e;} is not an edge dominating set for N(e;) in G. Hence, any set containing
edges less than that of F' cannot be a dominating set of G.

This implies that the set £ described above is of minimum cardinality and since |F| = [2],
it follows that 7' (G) = [2]

Hence the proof. O

Theorem 1.4. Forn >3, 7 (1,,(C,) = [2].

Proof. Let G = I,,,4,(C,,). We consider the vertex set of G as V(G) = {v;, v;}, where i,j =
1,2,3....n and the edge set of G as E(G) = {E, U Ey U E3}, where E1= {ey, 9, €3, ....e, }such
that e; = (v, vi1) and e, = (v,,v1), where 1 < i < n — 1, Ey= {e}, €5, €, ....c, } such that e,
= (v;,v;-H) and e, = (v,,v1) fori =1,2,...n — 1, B3 = (v;,v;), where i = 1,2,3..n.

Let n > 3.

Consider the set F =
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6 EDGE DOMINATION IN SOME IMAGE GRAPHS
where Fy = {e3; 2} U {egj_l}, 1 <i,5 < f%} and Fy = {egx_2} U {6;171} U {vn_l,v;_l},
1<k 1< (5]
This set F' is a minimal edge dominating set with minimum cardinality since for any edge
e; € F, F — {e;} is not an edge dominating set for N(e;) in G. Hence, any set containing
edges less than that of F' cannot be a dominating set of G.

This implies that the set F' described above is of minimum cardinality and since |F'| = [%"],

it follows that v (G) = (%"1

Hence the proof. O
We now provide results related to the shadow distance graphs.

Theorem 1.5. Forn > 2, ¥(Dy{Ing(Pn), {2}}) = 2([%]).

Proof. Consider two copies of G= I,,,4(P,), one G itself and the other denoted by G'. Let
V(G) = {vi,v;-}, where i,7 = 1,2,3,...n and E(G) = E\UEUE3, where F1= {ey, eq,€3,....6_1}

such that e; = (v;,v;41), where i = 1,2,....n — 1, Fo= {€}, 5, €5, ....e,,_;} such that e, =

"
7 I

(vi, v 1) Where i = 1,2,...n — 1, F3 = (v,-,v;-), where i,j = 1,2,3..n. Let V(G') = {v],v

1" 1

where 7,7 = 1,2,3,...n and E(G) = FE, U F,U E3, where E1= {¢], ey, €, ....c, _,} such that e;

11 / " "

! . " " " " !
= (v;,v;41), where t = 1,2, ...n—1, Er= {e, ,ey,€5,....,_;} such that e; = (v; ,v;,,) where

i=1,2,...m—1, By = (v;,v, ), where i = 1,2, 3...n.

1771

Let G1 = Dsd{Img(PTL)? {2}}

1" 1

For n = 2, the set F = {e}, €}, ¢}, e, } is a minimal edge dominating set with minimum cardi-

nality and hence v (G})= 4.

Let n > 3.
(
F n = 0(mod3)
Consider the set F' = F, n = 1(mod3)
Fy n = 2(mod3)

\
"

where I} = {e3;_2} U {6;,/%2} U {eéjq} Ufes 1}, 1<i< 3,

"

Fy = {esica} U{en1} U{eg o} U{e, 1 JU{ey; JUfeq; o} 1<i<it 1< < (2]
Fy = {e3i 2} U {egi—Z} U {egij—l} U {6§;_1} U {6;—1} U {@;;l—1}) I1<i< HTH7 1<5< nT_Q
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EDGE DOMINATION IN SOME IMAGE GRAPHS 7
This set F'is a minimal edge dominating set with minimum cardinality since for any edge
e; € F, F —{e;} is not an edge dominating set for N(e;) in G;. Hence, any set containing

edges less than that of F' cannot be a dominating set of G;.

This implies that the set F' described above is of minimum cardinality and since |F| =2([%]),

it follows that 7' (G1)= 2([Z])

Hence the proof. O

Theorem 1.6. For n > 3, v(Dy{Ie(P.),{3}}) = 2([%]).

Proof. Consider two copies of G= I,,,4,(P,). The vertex set and edge set of G are as in theo-

rem 1.5.
Let n > 3.
.
F n = 0(mod3)
Consider the set F' = { F, n = 1(mod3)
F; n = 2(mod3)

\
"

where Fi = {eg;_a} U {cl;_»} U {eh i} U ey}, 1 <5< 2], 1< k< |3

" "

Fy = {@31‘—2} U{ena}U{e, }U {€3j—2} U {eg’)kfl} U {egkfl}v 1<j< nT_l, 1

Fy = {esj—2} U{ey; o} U{ege} Ufen 1} Ufegit U{e, i} 1< <[5, 1

This set F' is a minimal edge dominating set with minimum cardinality since for any edge

IN

k

IN
—
w3
| I—

IN
i

IA
.

k

e; € F, FF — {e;} is not an edge dominating set for N(e;) in G;. Hence, any set containing
edges less than that of F' cannot be a dominating set of GGy.

This implies that the set £ described above is of minimum cardinality and since |F| = 2([3]),
it follows that 7' (G1)= 2([%])

Hence the proof.

Theorem 1.7. Forn > 3,

2n, n=34
V(Dsa{Img(Crn), {2}}) =
2n — p, n>5 6—1<n<65+4,p=25,75=1,2,3,...n
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Proof. Consider two copies of G = I,,,4,(C,,), one G itself and the other denoted by G'. Let
V(G) = {Ui,v;-}, where ,5 = 1,2,3,...n and E(G) = E1UEUE3, where E1= {ej, ey, €3, ..., }
such that e; = (v;,v;41) and e, = (v,,v1), where 1 < i < n — 1, Eh= {e’l,e/g,e;, ....e;}

such that e; = (v;,v;,;) and e, = (v,,v;) fori = 1,2,..n — 1, E3 = (vi,v;»), where i,j =

!

1,2,3..n. Let V(G') = v, ,v;

i Y5

where 7,7 = 1,2,3,...n and E(G) = E; U Ey U E3, where

" "

" " 1" " " " 1" .
Ey= {ey, ey, €5,....e,} such that e; = (v;,v,,,) and e (v,,V; ), where i = 1,2,...n — 1, Ey=

" "

" " " " ’ "
{e1,ey5,€5,....e, } such that e; = (v; ,v;,,) and e (v

" "

Vi), wherei =1,2,...n — 1, B3 =

n?
" " .
(v;,v; ), where i = 1,2, 3...n.

Let G1 == (Dsd{Gu {2}}

case(i): Let n = 6j — 3, 65 + 1, where j=1,2,3, ...

Consider the set F' = {es;} U{e, 1} U {eg,_1} U {eg;} where 1 <i < |2], 1<k < [2]
case(ii): Let n = 65 — 1, where j=1,2,3, ...

Consider the set F' = {eg;1} U {eg,} U {en; 1} U {e5_1} U {e,} where 1 < ik < [2],
1<l <[54

case(iii): Let n = 65 — 2, where j=1,2,3, ...

"

Consider the set F = {es;_1} U {eg,_1} U {e5_1} U {eg,_1} U {e,} where 1 < ik < 2,
L<i<[o] 1<m< [

case(iv): Let n = 67, where j=1,2,3, ...

Consider the set F' = {e_1}U{eq,_ }U{eg 1} U{eg, 1} where 1 <i k<2 ,1<1<[22],
L<m <[]

case(v): Let n = 6j + 2, where j=1,2,3, ...

Consider the set F' = {e—1}U{eq,_ }U{ey 1} U{eg, 1} where 1 <i k<2, 1<1<[21],
L<m < 2!

The set F in cases (), (ii), (ii7), (iv) and (v) is a minimal edge dominating set with mini-

mum cardinality since for any edge e; € F, F' — {e;} is not an edge dominating set for N (e;)
in (G;. Hence, any set containing edges less than that of ' cannot be a dominating set of GG;.
Also G is regular (n > 5) of degree 14 and each edge of G is of degree 14 and an edge of Gy

can dominate atmost 15 distinct edges of GGy including itself.
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This implies that the set F' described above is of minimum cardinality and since |F|

2n, n=3,4
2n — p, n>95 6]—-1<n<65+4,p=25,7=1,2,3,...n

/ 2n, n=3,4
it follows that v (Ds{G, {2}}) =

2n — p, n>5 6;—-1<n<65+4,p=25,7=12,3,...n
Hence the proof. O

Theorem 1.8. Forn > 4,

nts n = 0(mod3)

V(Dsa{lmg(Cr), {3}}) =
4121, n = 1,2(mod3)
Proof. Consider two copies of G= I,,,(C},). The vertex set and edge set of G are as in theo-

rem 1.7.

Let Gl = (Dsd{Ga {3}}

Let n > 4.
F n = 0(mod3)
Consider the set I' = ¢ F, n = 1(mod3)
F3 n = 2(mod3)

\
" "

where I = {e3; o} U{en} U{ey o} U{e, U {e/Bj—l} U {egj—l}’ 1<4,5< %

"

Fy = {esi o} U{ey o} U {eéj—l} U {6§j—1}7 1<4,5 < nTH7

Fy = {ezia} U{es; o} U{eg; iy Ufey 1} 1<0,5 < 2

This set F' is a minimal edge dominating set with minimum cardinality since for any edge

e; € F, F —{e;} is not an edge dominating set for N(e;) in G;. Hence, any set containing
edges less than that of F' cannot be a dominating set of Gy. Also Gy is regular (n > 7) of
degree 12 and each edge of GG; is of degree 12 and an edge of G; can dominate atmost 13 dis-

tinct edges of GGy including itself.

This implies that the set F' described above is of minimum cardinality and since |F|

4n+6

s n = 0(mod3)

41%1, n = 1,2(mod3)
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) nts n = 0(mod3)
it follows that v (Dst{G, {3}}) =
41%1, n = 1,2(mod3)
Hence the proof.
O
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